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d2 
dx2 5x4 + 9x3 ! 4x2 + x ! 8"

#
$
%

= d
dx

! 20x3 +27x2 ! 8x+1"# $%

= ! 60x2 +54x! 8

y = cosx2
 !!y

dy
dx

= ! sinx2 2x( ) = ! 2xsinx2

d2y
dx2 = ! 2x cosx2 2x( )"# $%+sinx2 ! 2( ) = ! 2 2x2 cosx2 +sinx2"# $%

y = sec3x d2y
dx2

dy
dx

= sec3xtan3x 3( ) = 3sec3xtan3x

d2y
dx2 = 3sec3x sec2 3x 3( )( )+ 3tan3x 3sec3xtan3x( ) = 3sec3x 3sec2 3x+ tan2 3x( )

f x( ) = ln x2 + 3( )  
!!f x( )

f ! x( ) = 2x
x2 + 3

!!f x( ) =
x2 + 3( ) 2( ) " 2x( ) 2x( )

x2 + 3( )2 =
2x2 +6( ) " 4x2( )

x2 + 3( )2 =
" 2 x2 " 3( )
   x2 + 3( )2
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h x( ) = x2 +5
 

!!h x( )
h x( ) = x2 +5 = x2 +5( )

1
2

h! x( ) = x2 +5 = 1
2

x2 +5( )
" 1

2 2x( ) = x

x2 +5( )
1
2

!!h x( ) =

x2 +5( )
1
2 1( ) " x# x

x2 +5( )
1
2

x2 +5( )1

=
x2 +5( )1 " x2

x2 +5( )
3
2

= 5   

x2 +5( )
3
2

y = x2 ! 3
x2 ! 10

d2y
dx2

dy
dx

= 
x2 ! 10( ) 2x( ) ! x2 ! 3( ) 2x( )

x2 ! 10( )2 =
2x( ) x2 ! 10( ) ! x2 ! 3( )"

#$
%
&'

x2 ! 10( )2 = ! 14x

x2 ! 10( )2

d2y
dx2 = 

x2 ! 10( )2
! 14( ) ! ! 14x( )2 x2 ! 10( )1 2x( )

x2 ! 10( )4

=
! 14 x2 ! 10( ) x2 ! 10( ) ! 4x2( )"

#$
%
&'

x2 ! 10( )4

=
! 14 ! 3x2 ! 10( )

x2 ! 10( )3
=

14 3x2 +10( )
x2 ! 10( )3
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F x( ) F x( )

F! x( )
x    " 3          0         3      

# $% % % % % % % % % % %
 " !!!  0   !+  !!0  ! "     0!!!!!+

F! x( )   x ! " # , " 3( )$ 0, 3( )

H x( ) x = ! 4
x = ! 1

d2H
dx2

x
  ! 4        ! 1          2    

" #$ $ $ $ $ $ $ $ $ $ $
 +   0    !     0     !    0  +

x = ! 4 H ! x( )
x = ! 1 H ! x( )

y = x3 + x2 ! 7x ! 15

y! = 3x2 +2x" 7
y#= 6x+2

  

!!y
x      " 1

3
         

# $% % % % % %
  "        0      +    

x ! " # , " 1
3( )

x ! " 1
3, #( )

y! x = ! 1
3 ! 1

3
, ! 12.593"

#$
%
&'
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y= ! 4x
x2 + 4

dy
dx

=
x2 + 4( ) ! 4( ) ! ! 4x( ) 2x( )

x2 + 4( )2 =
! 4x2 ! 16( ) ! ! 8x2( )

x2 + 4( )2 = 4x2 ! 16

x2 + 4( )2

d2y
dx2 =

x2 + 4( )2
8x( ) ! 4x2 ! 16( )2 x2 + 4( )1 2x( )

x2 + 4( )4

=
x2 + 4( ) 8x( ) ! 4x2 ! 16( )2 2x( )

x2 + 4( )3

=
8x3 + 32x( ) ! 16x3 ! 64( )

x2 + 4( )3

=
! 8x3 +96x( )

x2 + 4( )3 =
! 8x x2 ! 12( )

x2 + 4( )3

  

!!y
x " 3.464            0           3.464    

# $% % % % % % % % % % % % % %%
 +     0        "      0        +      0   "   

  
x ! " 3.464, 0( )# 3.464, $( )

  
x ! " # , 3.464( )$ 0, 3.464( )

y! ! 3.464, 0.866( ), 0, 0( ), and 3.464, ! 0.866( )

y= x 8! x2 = x 8! x2( )
1
2

dy
dx

= x!1
2

! 8" x2( )
" 1

2 " 2x( )+ 8" x2( )
1
2 1( )

= " x2

8" x2( )
1
2

+ 8" x2( )
1
2

=
" x2 + 8" x2( )1

8" x2( )
1
2

= 8" 2x2

8" x2( )
1
2
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d2y
dx2 =

8! x2( )
1
2 ! 4x( ) ! 8! 2x2( ) ! x2

8! x2( )
1
2

8! x2( )1

=
8! x2( )1 ! 4x( ) ! ! x2( ) 8! 2x2( )

8! x2( )
3
2

= ! 2x4 + 4x3 +8x2 ! 32x

8! x2( )
3
2

!!y
x

DNE       +     0     "    DNE 

 " 2 2    0            2 2 

      

x ! 0, 2 2( )
x ! " 2 2, 0( )

y! 0, 0( )

y = xe! x

dy
dx

= xe! x ! 1( )+e! x 1( ) = e! x x+1( )
d2y
dx2 = e! x 1( )+ x+1( )e! x ! 1( ) = e! x x ! 2( )   

!!y
x         2         

" #$ $ $ $ $ $
    %     0     +      

  
x ! " # , 2( )

  
x ! 2, "( )

y! 0, 2
e2

!
"#

$
%&

y = x
x2 ! 9

dy
dx

=
x2 ! 9( ) 1( ) ! x( ) 2x( )

x2 ! 9( )2 = ! x2 ! 9

x2 ! 9( )2
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d2y
dx2 =

x2 ! 9( )2
! 2x( ) ! ! x2 ! 9( )2 x2 ! 9( )1 2x( )

x2 ! 9( )4

=
x2 ! 9( ) ! 2x( ) ! ! x2 ! 9( )2 2x( )

x2 ! 9( )3

=
! 2x3 +18x( ) ! ! 4x3 ! 36x( )

x2 ! 9( )3

=
2x3 +54x( )

x2 ! 9( )3 =
2x x2 +27( )

x2 ! 9( )3

  

!!y
x " 3               0              3        

# $% % % % % % % % % % % % % %%
 "   DNE    +    0     "    DNE   +      

  
x ! " # ," 3( )$ 0, 3( )

  
 x ! " 3, 0( )# 3, $( )

y! 0, 0( )

a t( )

x t( ) = t3 ! 6t2 ! 63t + 4

v t( ) = x! t( ) = 3t2 " 12t " 63

a t( ) = v! t( ) = 6t " 12

x t( ) = 4+ 9sin !
4

t " 5( )#

$
%

&

'
(

v t( ) = x! t( ) = 9cos "
4

t # 5( )$

%&
'

()
"
4

*
+,

-
./

a t( ) = v! t( ) = 9 #sin "
4

t # 5( )$

%&
'

()
*

+,
-

./
"
4

*
+,

-
./

"
4

*
+,

-
./

=
#9" 2

16
sin "

4
t # 5( )$

%&
'
()

x t( ) = 1+ et
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v t( ) = x! t( ) = 1
2

1+et( )
" 1

2 et( ) = et

2 1+et( )
1
2

a t( ) = v! t( ) =
2 1+et( )

1
2 et( ) " et( ) 1+et( )

" 1
2 et( )

4 1+et( )
=

et 2" et#
$%

&
'(

2 1+et( )
3
2

x t( ) = 1+ ln t2( )   c = ! 1

x t( ) = 1+ ln t2( ) = 1+2lnt

v t( ) = x! t( ) = 1
2

1+2lnt( )
" 1

2 2
t

#
$%

&
'(

= t " 1 1+2lnt( )
" 1

2

a t( ) = v! t( ) = t " 1 " 1
2

1+2lnt( )
" 3

2 2
t

#
$%

&
'(

)

*
+

,

-
. + 1+2lnt( )

" 1
2 " 1t " 2)

*
,
-

a " 1( ) = " 2



!

! '(" !

"#$"!OIA<5*A'!E=+5@'!-+.'/+&0!
!

"1! E+,)56'&!<='!4I,@<5+,! !4+&!?AA!&'?A!,I.H'&)!"1!!F='!,I.H'&!+4!

5,4A'@<5+,!*+5,<)!4+&!<='!>&?*=!+4!#!5)!

!

PC! Q!
!

21!! !

! !

!
F='! @+&&'@<!?,)/'&!5)!E!
!

71! 3!<=',! !!

!
F='!@+&&'@<!?,)/'&!5)!R!
!
81! 1!!JI<!<=5)!5)!<='!

.5,5.I.1!!F='!.?S5.I.!?@@'A'&?<5+,!.I)<!+@@I&!?<! 1!! !?,6! !
!
F='!@+&&'@<!?,)/'&!5)!P!
!

91!!!

! !

! HI<! 6+')!,+<!=?;'!?!)5>,!@=?,>'1!!!
!
! RC! +,AT!

f x( ) = x2 − 5( )3

f ′ x( ) = 3 x2 − 5( )2 2x( ) = 6x x2 − 5( )2

f ″ x( ) = 12x x2 − 5( ) 2x( ) + x2 − 5( )2 6( )
= 6 x2 − 5( ) 5x2 − 5( )

dy
dx

=
x−3( ) 1( )− x+ 2( ) 1( )

x−3( )2
= −5 x−3( )−2

d 2y
dx2

= d
dx

−5 x−3( )−2⎡
⎣⎢

⎤
⎦⎥
=10 x−3( )−3

dy
dx =

2x
x2 + 4

d2y
dx2

= d
dx

2x
x2 + 4

⎡
⎣⎢

⎤
⎦⎥
=
x2 + 4( ) 2( )− 2x 2x( )

x2 + 4( )2
= 2x

2 + 8− 4x2

x2 + 4( )2
= 8− 2x2

x2 + 4( )2

v t( ) = t 3 − 3t 2 + 4→ a t( ) = 3t 2 − 6t→ a′ t( ) = 6t − 6 = 0→ t = 1
t = 0 or 3 a 0( ) = 4 a 3( ) = 9

y = 3x5 −10x4 → dy
dx

= 15x4 − 40x3 →

d 2y
dx2

= 60x3 −120x2 = 60x2 x − 2( ) = 0→ x = 0, 2

x = 0

2,  − 64( )
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y = 2x + cos x2( )
0 ≤ x ≤ 5

y = 2x + cos x2( ) 0 ≤ x ≤ 5

′′f x( ) = x2 x − 3( ) x − 6( )

′′f x( ) x = 3 and 6 x = 0

y = cos x + 1
3
cos 3x − 1

5
cos5x

0 ≤ x ≤ π

dy
dx

= −sin x − sin3x + sin5x→ d 2y
dx2

= −cos x − 3cos3x + 5cos5x

d 2y
dx2
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!
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y = 2x3 + 9x2 −168x
′y = 6x2 +18x−168 = 0⇒ x = 4,−7
y″ =12x+18
y″ 4( ) = +∴min y″ −7( ) = −∴max

y = 9x3 − 4x2 − 27x+12

′y = 12 9x
3 − 4x2 − 27x+12( )−12 27x2 − 8x− 27( ) = 27x2 − 8x− 27

2 9x3 − 4x2 − 27x+12( )12
= 0,DNE

x = ± 3, 4 9, − .863
y′ = 0 x =− .863

y″ =
2 9x3 − 4x2 − 27x +12( )12 54x − 8( ) − 27x 2 − 8x − 27( ) − 9x 3 − 4x 2 − 27x + 12( )−12( ) 27x 2 − 8x − 27( )

4 9x3 − 4x2 − 27x +12( )
y″ −.863( ) = −∴max

 y = x
2 i 9− x23

′y = x2 ⋅13 9− x
2( )−23 ⋅−2x+ 9− x2( )13 ⋅2x = −2x 4x2 − 27( )

3 9− x2( )23
= 0,DNE

x = ±3, 0, ± 27
2 y′ = 0

x = 0, ± 27
2

  
x = ± 27

2   x = 0

  

y! ± 27
2

"

#
$

%

&
' = ( ) max

  
y! "( ) = +# min
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y = 3
 2

x+ cos x on x ! " 2#, 2#$% &'

!y = 3
2

" sinx = 0

x = ! 2" , 2" , ! 5"
3

, ! 4"
3

, "
3

, 2"
3

y′ = 0 x = ! 5"
3

, ! 4"
3

, "
3

, 2"
3

y! = " cosx

y! = " cos " 5#
3

$
%&

'
()

= " * Max y! = " cos " 4#
3

$
%&

'
()

= +* Min

y! = " cos #
3

$
%&

'
()

= " * Max y! = " cos 2#
3

$
%&

'
()

= +* Min

y! = " cos " 5#
3

$
%&

'
()

= " * max

y= 2x3 ! 9x2 ! 24x+11" dy
dx

= 6x2 ! 18x! 24= 0" x = ! 1, 4

y! =12x" 18
y! " 1( ) = " 30#   x = ! 1
y! 4( ) = 30"   x = 4

y= 3x4 ! 15x2 + 7" dy
dx

=12x3 ! 30x = 0" x = 0, ±1.581

y! = 36x2 " 30
y! 0( ) = " 30#   x = 0
y! ±1.581( ) = 60"   x = ±1.582
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y= 3x
x2 +9

!
dy
dx

=
x2 + 9( ) 3( ) " 3x( ) 2x( )

x2 + 9( )2 =
" 3x2 +27

x2 + 9( )2 = 0! x = ±3

y! =
x2 +9( )2

" 6x( ) " " 3x2 +27( )2 x2 +9( ) 2x( )
x2 +9( )4

=
x2 +9( ) " 6x( ) " " 3x2 +27( )2 2x( )

x2 +9( )3

=
2x x2 +9( ) " 3( ) " " 3x2 +27( )2#

$
%
&

x2 +9( )3

=
2x 3x2 +81( )

x2 +9( )3

  
y! 3( ) <0"   x = 3

  
y! " 3( ) > 0#   x = ! 3

y= x2 ! 2x
x! 3

"
x! 3( ) 2x! 2( ) ! x2 ! 2x( ) 1( )

x ! 3( )2 = x2 ! 6x+6
x! 3( )2 = 0"

x =1.268, 4.732

y! =
x" 3( )2

2x" 6( ) " x2 " 6x+6( )2 x" 3( ) 1( )
x" 3( )4

=
x" 3( ) 2x" 6( ) " x2 " 6x+6( )2

x" 3( )3

= 6
x" 3( )3

  
y! 1.268( ) <0"   x =1.268

  
y! 4.732( ) > 0"   x = 4.732
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y = x− x2( )ex → dy
dx

= x− x2( )ex + 1− 2x( )ex = ex 1− x− x2( ) = 0
x = −3.236,1.236

y″ = ex −1− 2x( ) + 1− x− x2( )ex = ex −3x− x2( )

  y″ −3.236( ) < 0∴  x = −3.236

  y″ 1.236( ) > 0∴  x =1.236

y = x2 − 4( ) 16− x2 → dy
dx = x2 − 4( )12 16− x2( )−12 −2x( )+ 16− x2( )12 2x( )

dy
dx =

−x x2 − 4( )
16− x2( )12

+ 16− x2( )12 2x( ) =
−x x2 − 4( )+ 16− x2( ) 2x( )

16− x2( )12
= −3x2 − 36x

16− x2( )12
= 0

  x = 0, ±3.464

  y″ ±3.464( ) < 0∴  x = ±3.464

  y″ 0( ) > 0∴  x = 0   x=± 4

1, 2( ) −1, − 2( )
d
dx

x2 − xy+ y2 = 3⎡⎣ ⎤⎦

2x− x dydx + y −1( )+ 2y dydx = 0

−x+ 2y( )dydx = y− 2x
dy
dx =

y− 2x
2y− x

1, 2( ) and −1, − 2( )→ dy
dx = 0

d
dx

dy
dx =

y− 2x
2y− x

⎡

⎣
⎢

⎤

⎦
⎥→

d2y
dx2

=
2y− x( ) dydx − 2

⎛
⎝⎜

⎞
⎠⎟
− y− 2x( ) 2 dydx −1

⎛
⎝⎜

⎞
⎠⎟

2y− x( )2
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!
#21! 5)!?<!?!.5,5.I.!?,6! 5)!?<!?!.?S5.I.1 !!

!

!

!

!

!

!

!

!

!
!

"#$#!OIA<5*A'!E=+5@'!-+ .'/+&0 !
!
!
"1! J !
!

5)!?<!?!.5,5.I. 1!
5)!?<!?!.?S5.I. 1!

d2y
dx2 1, 2( )

=
3( ) −2( )− 0( ) −1( )

3( )2
= −∴max

d2y
dx2 −1,− 2( )

=
−5( ) −2( )− 0( ) −1( )

−3( )2
= +∴min

−3, 2( ) 3, − 2( )
d
dx

x2 + 3xy+ y2 + 5 = 0⎡⎣ ⎤⎦

2x+ 3x dydx + y 3( )+ 2y dydx = 0

3x+ 2y( )dydx = −2x− 3y

dy
dx =

−2x− 3y
3x+ 2y

−3, 2( ) and 3, − 2( )→ dy
dx = 0

d
dx

dy
dx =

−2x− 3y
3x+ 2y

⎡

⎣
⎢

⎤

⎦
⎥→

d2y
dx2

=
3x + 2y( ) −2 − 3dy

dx
⎛
⎝⎜

⎞
⎠⎟ − −2x − 3y( ) 3+ 2 dy

dx
⎛
⎝⎜

⎞
⎠⎟

3x + 2y( )2

d2y
dx2 −3, 2( )

=
−5( ) −2( )− 0( ) 3( )

−5( )2
= +∴min

d2y
dx2 3,− 2( )

=
5( ) −2( )− 0( ) 3( )

5( )2
= −∴max

g″ 2( ) = 4e−2 > 0∴x = 2
g″ −2( ) = −12e2 > 0∴x = −2



!

! ')( !

!
21! E!
!

!?<!.5,5.I.)1!!c<! 3! 1!! !?,6! 3!3!
)+! !5)!?<!?!.5,5.I.1 !
!
71! P!
!

!?,6!<='&'!5)!?!)5>,!@=?,>'!+,! 1!!F='&'!5)!,+!)5>,!@=?,>'!?<! 1!
!
81! c !
!

!?,6! 3!)+!F&I'1!

!?,6! 1!! !5)!,+<!?,!'S<&'.'3!)+!%?A)'1!

3!HI<!<='&'!5)!,+<!)5>,!@=?,>'!4+&!3!)+! !5)!,+<!?!KLG1! !

h″ x( ) > 0 x = 0 and ± 3 h″ x( ) < 0 h″ 3( ) = 0 h″ 3( ) > 0
x = 3

h″ x( ) = 0 h″ x( ) x = −1

F′ 1( ) = 0 F″ 1( ) < 0
F′ 1( ) = 0 F″ −1( ) = 0 x = −1
F″ 2( ) = 0 F″ x( ) x = 2



!

! ')) !

"#$2!%&''!(')*+,)'!-+.'/+&0 !
!
\0'<@=!<='!*+))5HA'!>&?*=!+4!?!4I,@<5+,!<=?<!=?)!<='!<&?5<)!)=+/,!H'A+/!
!
"1! ! ! ! ! ! !

! !
!
!
!

!
!
!
!
!
!

!
! !

"$ ! ! !

! d! e! d!
! Y! e! d!

! e! e! d!
! e7! Y! d!

! e! d! d!
! Y! d! Y!

! d! d! e!
! 9! Y! e!

! d! e! e!
! " ! e! Y!

! d! e! d!
! Y! e! d!
! e! e! d!

f x( ) f ′ x( ) f ″ x( )
  x < 2
  x = 2

  2 < x < 3
  x = 3

  3< x < 5
  x = 5

  5 < x < 7
  x = 7

  7 < x < 9
  x = 9

  9 < x < 10
  x = 10
  x > 10



!

! ')* !

21! !
!

! ! ! !

!
!
$$$$$"$ $ $ $ %$ $ $ ! E+,@AI)5+,! !

! !!!!! e! ! d! e! H'A+/3!5,@&'?)5,>3!EP!

! ! ! Y! ! d! e! V'&+!

!! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! ! "U! ! Y! e! .?S5.I.!*<1 !
! ! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

!! ! ! Y! ! e! Y! KLG!
! ! ! d! ! e! d! ?H+;'3!6'@&'?)5,>3!E]!

!! !!!! ! e"U! ! Y! d! .5,5.I.!*<1 !

! ! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

! ! ! Y! ! d! d! V'&+!
! ! ! d! ! d! d! ?H+;'3!5,@&'?)5,>3!E]!

!

!
! !

y = x3 −12x

dy
dx = 3x

2 −12 = 0

x = ±2 3
d2y
dx2

= 6x = 0

x = 0

dy
dx
x    − 2      2      ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯

    −    0    + 0 −

d2y
dx2

x           0            ← →⎯⎯⎯⎯⎯⎯⎯⎯
−    0       +

 ′y  ′′y

−∞,  − 2 3( )
x = −2 3

 
−2 3, − 2( )
x = −2

 
−2, 0( )
x = 0
0,  2( )
x = 2

 
2, 2 3( )
x = 2 3
2 3, ∞( )

20

10

–10

–20

–5 5
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71! ! !
!

! ! ! !

!
$$$$$"$ $ $ $ %$ $ $ ! E+,@AI)5+,! !

! !!!!! e! ! d! e! H'A+/3!5,@&'?)5,>3!EP!
! ! ! Y! ! d! e! V'&+!

! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! ! #Q! ! Y! e! .?S5.I.!*<1 !
! ! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

! ! ! Y! ! e! Y! V'&+!
!! ! d! ! e! d! ?H+;'3!6'@&'?)5,>3!E]!

! ! ! $2^17! ! e! d! KLG! ! !

!
! ! e! ! e! d! H'A+/3!6'@&'?)5,>3!E] !

!! !!!! ! e"Y" ! ! Y! d! .5,5.I.!*<1 !

!
! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

! ! ! Y! ! d! d! V'&+!
! ! ! d! ! d! d! ?H+;'3!5,@&'?)5,>3!E]!

!

!
! !

y = 2x3 − 9x2 − 24x+11

dy
dx = 6x

2 −18x− 24 = 0

x = −1, 4
d2y
dx2

=12x−18 = 0

x =1.5

dy
dx
x    −1      4      ← →⎯⎯⎯⎯⎯⎯⎯⎯

    −    0    + 0 −

d2y
dx2

x           1.5            ← →⎯⎯⎯⎯⎯⎯⎯⎯
−    0       +

 ′y  ′′y

−∞,  − 2.176( )
x = −2.176

 
−2.176, −1( )
x = −1

 
−1, 0.403( )
x = 0.403
0.403,  1.5( )
x =1.5
1.5,  4( )
x = 4

 
4, 6.273( )
x = 6.273
6.273,  ∞( )

50

–50

–100

5 5
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-2 -1 1 2 3

-14

-13

-12

-11

-10

-9

-8

-7

-6

-5

-4

-3

-2

-1

1

2

3

4

5

6

7

x

y

81! ! ! ! !

! ! ! !

!
!!!!!"$ $ $ $$$$$ %$ $ $ ! E+,@AI)5+,! !

! ! d! ! e! d! ?H+;'3!6'@&'?)5,>3!E]!
! ! ! Y! ! e! d! V'&+!

! ! e! ! e! d! H'A+/3!6'@&'?)5,>3!E]!

! ! ! e""187! Y! d! .5,5.I.!*< !
! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

! ! ! eY1"27! d! Y! KLG!
!! e! ! d! e! H'A+/3!5,@&'?)5,>3!EP!

! ! ! Y! ! d! e! V'&+! ! !
!! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!!

!! !!!! ! 8! ! Y! e! .?S5.I.!*<1 !
! ! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!!

! ! ! Y! ! e! e! V'&+!
! ! e! ! e! e! H'A+/3!6'@&'?)5,>3!EP!!

! ! ! eY1"27! e! Y! KLG!

! ! e! ! e! d! H'A+/3!6'@&'?)5,>3!E]!

! ! ! e""187! Y! d! .5,5.I.!*<1 !
! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

! ! ! Y! ! d! d! V'&+!
! ! ! d! ! d! d! ?H+;'3!5,@&'?)5,>3!E]!

!
!
!
!
!

y = 3x4 −15x2 + 7
dy
dx = 3x

2 + 2x− 7 = 0

x = −1.581, 0.913
d2y
dx2

= 6x+ 2 = 0

x = − 13

dy
dx
x    −1.581      − .913      ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    −    0    + 0 −

d2y
dx2

x           − 1
3             

← →⎯⎯⎯⎯⎯⎯⎯⎯⎯
    −    0       +

 ′y  ′′y

−∞,  − 2.116( )
x = −2.116

 
−2.116, −1.581( )
x = −1.581

 
−1.581, −0.913( )
x = −0.913
−0.913,  − 0.722( )
x = −0.722
−0.722,  0( )
x = 0

 
0, 0.722( )
x = 0.722

 
0.722, 0.913( )
x = 0.913

 
0.913, 1.581( )
x =1.581

 
1.581, 2.166( )
x = 2.116
2.116,  ∞( )



!
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!
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!
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!

!

!
"$ $ $ $$$$$ %$ $ $ ! E+,@AI)5+,! !

! ! e! ! e! e! H'A+/3!6'@&'?)5,>3!EP!

! ! ! eY1Q22! e! Y! KLG!

!! ! e! ! e! d! H'A+/3!6'@&'?)5,>3!E]!

! ! ! eY17! ! Y! d! .5,5.I.!*< !

! ! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

!! ! ! Y! ! d! Y! V'&+!?,6!KLG!
! ! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! ! ! Y17! ! Y! e! .?S5.I.!*<1 ! ! !
! ! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!!

! ! !!!! Y1Q22!! e! Y! KLG!

! ! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!E] !!

!

!
!

y = 3x
x2 + 9

dy
dx =

x2 + 9( ) 3( )− 3x 2x( )
x2 + 9( )2

= −x2 + 9
x2 + 9( )2

= 0→ x = ±3
dy
dx
x    − 3      3      ← →⎯⎯⎯⎯⎯⎯⎯⎯

    −    0    + 0 −

d2y
dx2

=
x2 + 9( )2 −2x( )− −x2 + 9( )2 x2 + 9( ) 2x( )

x2 + 9( )4
= 2x

3 − 54x
x2 + 9( )2

= 0→ x = 0, ± 3 3

d2y
dx2

x      − 3 3      0        3 3    
← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
    −    0 +   0 −   0 +

 ′y  ′′y

−∞,  − 3 3( )
x = −3 3

 
−3 3, −3( )
x = −3

 
−3, 0( )
x = 0
0,  3( )
x = 3
3,  3 3( )
x = 3 3

 
3 3, ∞( )

0.5

–0.5

–5 5 10
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!
!
!!!!!"$ $ $$$$%$ $ $ $ ! ! E+,@AI)5+,! !

! !!!e! ! e! ! e! ! H'A+/3!6'@&'?)5,>3!EP!

! !!PaR!! e! ! Y! ! KLR! !

! !!!e! ! e! ! e! ! H'A+/3!6'@&'?)5,>3!EP!
! !!PaR!! PaR! ! PaR! ! fc ! ! !

! !!d! ! d! ! d! ! ?H+;'3!5,@&'?)5,>3!E]!

!

! !

y = x+1
x2 − 2x− 3 =

x+1
x+1( ) x− 3( ) ≈

1
x− 3

!

dy
dx = − x− 3( )−2 = 0
x = no solution
d2y
dx2

= 2 x− 3( )−3 = 0
x = no solution

dy
dx
x   3     ← →⎯⎯⎯⎯

    +    0  +

d2y
dx2

x   3     ← →⎯⎯⎯⎯
    +    0   −

 ′y  ′′y

−∞,  −1( )
x = −1 −1, − 1

4
⎛
⎝⎜

⎞
⎠⎟

−1,  3( )
x = −3
3,  ∞( )

-5 -4 -3 -2 -1 1 2 3 4 5 6 7 8 9 10

-4

-3

-2

-1

1

2

3

4

5

6

7

x

y
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"21! ! ! ! !

! !

!
$$$$$"$ $ $$$$$ %$ $ $ ! E+,@AI)5+,! !

! ! d! ! e! d! ?H+;'3!6'@&'?)5,>3!E]!
! ! U! ! e! Y! KLG!
! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

!! ! Y! ! ! ! V'&+3!.5,5.I.!*<1 !!
!! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

!! ! Q1U8#!! Y! e! .?S5.I.!*<1 !
!! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

!! ! Y! ! d! d! V'&+!
! ! e! ! e! e! H'A+/3!6'@&'?)5,>3!EP!

!

! !

y = 5x
23 − x

53

dy
dx =

10
3 x

−13 − 53 x
23 = 53 x

−13 2− x( ) = 0
x = 0, 2

d2y
dx2

= −109 x
−4 3 −109 x

−13

= −109 x
−4 3 1+ x( ) = 0

x = −1

dy
dx
x    −1.581      − .913      ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    −    0    + 0 −

d2y
dx2

x           − 1
3             

← →⎯⎯⎯⎯⎯⎯⎯⎯⎯
    −    0       +

 ′y  ′′y

−∞,  −1( )
x = −1
−1,  0( )
x = 0 ∞ ∞
0,  2( )
x = 2
2, 5( )
x = 5
5, ∞( )

-4 -3 -2 -1 1 2 3 4 5 6 7 8

-4

4

8

12

16

20

24

x

y
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!
$$$$$"$ $ $ %$ $ $ ! E+,@AI)5+,! !

! ! e! ! e! e! H'A+/3!6' @&'?)5,>3!EP!

! ! "U! ! e! Y! KLG!
! e! ! e! d! H'A+/3!6'@&'?)5,>3!E] !

! ! 217Q#!! Y! d! .5,5.I.!*<1 ! ! !
! ! e! ! d! d! ?H+;'3!5,@&'?)5,>3!E]! !

!! ! Y! ! d! Y! V'&+!?,6!KLG!
! ! d! ! d! e! H'A+/3!5,@&'?)5,>3!EP!

! ! "U! ! Y! e! . ?S5.I.!*<1 !
! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

! ! ! Y! ! e! e! V'&+!
! ! e! ! e! e! H'A+/3!6'@&'?)5,>3!EP!

!
!

y = x− x2( )ex
dy
dx = x− x2( )ex + ex 1− 2x( ) = 1− x− x2( )ex
d2y
dx2

= 1− x− x2( )ex + −1− 2x( )ex = −3x− x2( )ex

dy
dx = 0→ x = −1± 5

−2
= −1.618 and 0.618

d2y
dx2

= −3x− x2( )ex = 0
x = 0, − 3

dy
dx
x    −1.618      0.618      ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

    −    0    + 0 −

d2y
dx2

x    − 3      0      ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯
    −    0    + 0 −

 ′y  ′′y

−∞,  − 3( )
x = −3
−3, −1.618( )
x = −1.618
−1.618, 0( )
x = 0
0, 0.618( )
x = 0.618
0.618, 1( )
x =1
1, ∞( )

2

–2

–4

4 –2 2
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"81! ! ! ! !

!

!

!
B%5,6!<='!V'&+)!HT!E?A@IA?<+&1C!
!

!

!

y = x2 − 4( ) 16− x2

	

i) dy
dx

= x2 − 4( ) 12 16 − x( )−12 −2x( ) + 16 − x( )12 2x( ) = −3x3 + 36x
16 − x( )12

= 0→ x = 0, ± 2 3

ii) dy
dx

= dne→ x = ±4

iii) Endpoints: none	 given
dy
dx
x −4 − 2 3   0     2 3 4      

← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
End   +    0  −      0 + 0 − End

d2y
dx2

=

16 − x2( )12 −9x2 + 36( )− −3x3 + 36x( ) −3x3 + 36x

16 − x2( )12
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

16 − x2( ) = 0→ x = ±2.252

d2y
dx2

x  − 2.252         2.252       ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
   −    0     +   0 −



!

! "#&!

! !

20

10

–10

–20

–5 5
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!
$$$$$"$ $ $ %$ $ $ ! E+,@AI)5+,! !

!! ! Y! ! 6,' ! e! V'&+3!.5,5.I.!*<1 !
!! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! "U! ! Y! e! .5,5.I.!*<1 !

! d! ! e! e! ?H+;'3!6' @&'?)5,>3!EP!

! ! 217Q#!! e! Y! KLG! ! !
! d! ! e! d! ?H+;'3!6'@&'?)5,>3!E]! !

! ! Y! ! e! d! V'&+!
! ! e! ! e! d! H'A+/3!6'@&'?)5,>3!E]!

!! ! e"U! ! Y! d! .5,5.I.!*<1 !
!! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

!! ! Y! ! d! d! V'&+!
! ! d! ! d! d! ?H+;'3!5,@&'?)5,>3!E]!

! ! 217Q#!! d! Y! KLG! ! !
! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! "U! ! Y! e! .?S5.I.!*<1 ! ! !

! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

!! ! Y! ! 6,' ! e! V'&+3!.5,5.I.!*<1 !
!

!

 ′y  ′′y

x = 4
! 4,  ! 2 3( )
x = ! 2 3
! 2 3, ! 2.252( )
x = ! 2.252
! 2.252, ! 2( )
x = ! 2
! 2, 0( )
x = 0
0, 2( )
x = 2
2, 2.252( )
x = 2.252
2.252, ! 2 3( )
x = 2 3
2 3, 4( )
x = 4



!

! '(( !

"#$2!OIA<5*A'!E=+5@'!-+.'/+&0!
!
"1! !.'?,)!5,@&'?)5,>1!! !.'?,)!@+,@?;'!I*1!! !
E!5)!<='!*+5,<!/='&'!<='!@I&;'!5)!H+<=!5,@&'?)5,>!?,6!@+,@?;'!I*1!
!
21! 1!!c<! 3!<='!@I&;'!5)!5,@&'?)5,>3!<='&'4+&'! 1!c<! 3!<='!@I&;'!5)!

@+,@?;'!6+/,3!<='&'4+&'! 1!!F='&'4+&'3!cC! !

!
71! c,)/'&[ ! R!
!
G1! F=5)!*?5&!5)!5,@+&&'@<!H'@?I)'!!)=+IA6!H'!*+)5<5;'!/='&';'&! 5)!5,@&'?)5,>3!?,6!5<!
5)!,+<1!
GG1! 5)!@+&&'@<!H'@?I)'!!=?)!V'&+)!/='&'!=?)! !'S<&'.')!?,6!@=?,>')!)5>,)!
?**&+*&5?<'AT!4+&!.?S!?,6!.5,!+,!1!!
GGG1! F=5)!*?5&!5)!@+&&'@<!H'@?I)'!!=?)!V'&+)!/='&'!=?)! !'S<&'.')!?,6!@=?,>')!)5>,)!
?**&+*&5?<'AT!4+&!.?S!?,6!.5,!+,!1!!
!
!
!
!
! !

f ! x( ) > 0 f ! x( ) > 0

  
f 1( ) = 0 x =1

  
f ! 1( ) >0 x =1

  
f ! 1( ) <0

  
f " 1( ) < f 1( ) < f ' 1( )

f ! f

f ! f
f
f ! f
f



!

! '() !

"#$Q!%&''!(')*+,)'!-+.'/+&0 !!
!
G4!<='!@I&;'!H'A+/!5)! 3!)=+/!<='!)5>,!*?<<'&,)!+4!<='!45&)<!?,6!)'@+,6!
6'&5;?<5;')1!!F=',!45,6!!
!

!! !
"?1! .5,!*<)1!_! H'@?I)'! !)/5<@=')!4&+.!e!<+!d!

! .?S!*<1!_! !H'@?I)'! !)/5<@=')!4&+.!d!<+!$!

!!H1! !H'@?I)'! !)/5<@=')!4&+.!5,@&'?)5,>!<+!6'@&'?)5,>!+&!;5@'!;'&)?1!

!!@1! 5,@[! !H'@?I)'! !5)!*+)5<5;'!

! 6'@[! !H'@?I)'! !5)!,'>?<5;'!

!!61! E][! !5)!5,@&'?)5,>!

! EP[! !5)!6'@&'?)5,>!

! !
!
!

y= f ! x( ) on x" #3, 3$% &'

1.

  x = ±2 f ! x( )
  x = 0 f ! x( )

  x = ±1 f ! x( )

  
x ! " 2, 0( ) #  2, 3( ) f ! x( )

  
x∈ −3, − 2( ) ∪ 0, 2( ) f ! x( )

  
x∈ −3, −1( ) ∪ 1, 3( ) f ! x( )
x∈ −1, 1( ) f ! x( )

-3 -2 -1 1 2 3

-4

-3

-2

-1

1

2

3

4

x

y



!

! '(* !

!! !
2?1! .5,!*<1!_! !H'@?I)'! !)/5<@=')!4&+.!e!<+!d!

! .?S!*<1!_! !H'@?I)'! !)/5<@=')!4&+.!d!<+!$!

!!H1! H'@?I)'! !)/5<@=')!4&+.!5,@&'?)5,>!<+!6'@&'?)5,>!+&!;5@'!;'&)?1!

!!@1! 5,@[! !H'@?I)'! !5)!*+)5<5;'!

! 6'@[! H'@?I)'! !5)!,'>?<5;'!

!!61! E][! !5)!5,@&'?)5,>!

! EP[! !5)!6'@&'?)5,>!

!
!

3.

  x = 2 f ! x( )
  x = −2 f ! x( )

  x = ±1.4,  0 f ! x( )

  
x∈ −3, − 2( ) ∪ 2, 3( ) f ! x( )
x∈ −2, 0( ) ∪ 0,  2( ) f ! x( )

  
x∈ −1.4, 0( ) ∪ 1.4, 3( ) f ! x( )

  
x ! " 3, " 1.4( ) #  0, 1.4( ) f ! x( )

!3 !2 !1 1 2 3

!4

!3

!2

!1

1

2

3

4

!

"



!

! '(" !

!! !
7?1! .?S!*<1!_! !H'@?I)'! !)/5<@=')!4&+.!d!<+!g!

! .5,!*<1!_! !H'@?I)'! !)/5<@=')!4&+.!e!<+!d!

!!H1! H'@?I)'! !)/5<@=')!4&+.!5,@&'?)5,>!<+!6'@&'?)5,>!+&!;5@'!;'&)?1!

!!@1! 5,@[! !H'@?I)'! !5)!*+)5<5;'!

6'@[! !H'@?I)'! !5)!,'>?<5;'!

!!61! E][! !H'@?I)'! !5)!5,@&'?)5,>!

! EP[! ! !5)!6'@&'?)5,>!

!
!
!

5.

  x = ±2 f ! x( )
  x = 0 f ! x( )

  x = ±1.3 f ! x( )

  
x∈ −3, − 2( ) ∪ 0, 2( ) f ! x( )

  
x ! " 2, 0( ) #  2, 3( ) f ! x( )
x ! " 1.3, 1.3( ) f ! x( )

  
x ! " 3, " 1.3( ) #  1.3, 3( ) f ! x( )



!

! '(' !

!
!
8?1! .?S!*<1!?<! !H'@?I)'! !)/5<@=')!4&+.!d!<+!e!?,6!?<! !H'@?I)'! 5)!
*+)5<5;'!?,6!<='!4I,@<5+,!)<+*)N!.5,!*<1!! !H'@?I)'! !)/5<@=')!4&+.!e!<+!d!?,6!?<!

!H'@?I)'!<='!4I,@<5+,!)<?&<)!?,6! 5)!*+)5<5;'1! !
8H1! !=?)!*+5,<)!+4!5,4A'@<5+,!?<! !/='&'! !)/5<@=')!4&+.!5,@&'?)5,>!
<+!6'@&'?)5,>!+&!;5@'!;'&)?1!

!

!
9?1! .?S!*<1!?<! !H'@?I)'! !)/5<@=')!4&+.!d!<+!eN!.5,!*<1!?<! !H'@?I)'!<='!
4I,@<5+,!)<?&<)!?,6! 5)!*+)5<5;'!3!?,6!?<! !H'@?I)'! 5)!,'>?<5;'!?,6!<='!4I,@<5+,!
)<+*)1!
9H1! !=?)!*+5,<)!+4!5,4A'@<5+,!?<! !/='&'! !)/5<@=')!4&+.!
5,@&'?)5,>!<+!6'@&'?)5,>!+&!;5@'!;'&)?1!
!

4

2

Ð2

Ð5 5

  x = ! 4 f ! x( )   x =7 f ! x( )
  x = 0 f ! x( )

  x =! 7 f ! x( )
f x( )   x = ±2 and 4 f ! x( )

4

2

Ð2

Ð4

Ð5 5

  x = 4 f ! x( )   x =! 7
f ! x( )   x =7 f ! x( )

f x( )   x = ! 4, 0, and 5.5 f ! x( )



!

! '(+ !

! !
!
!
""?C!! X= '&'!?&'!<='!&'A?<5;'!.?S5.I.)!?,6!&'A?<5;'!.5,5.I.)!+4! D!!hI)<54T!T+I&!
?,)/'&1 !
"" HC!! X='&'!?&'!<='!*+5,<)!+4!5,4A'@<5+,!+4! D!!hI)<54T!T+I&!?,)/'&1!
!
!
! !

2

1

–1

–2

–2 2 4

y = f x( )

y = f x( )



!

! '($ !

"#$Q!OIA<5*A'!E=+5@'!-+.'/+&0!
!
"1! PC! G!?,6!GGG!+,AT!
!
!
G1! F&I'!H'@?I)'! !?,6!)/5<@=')!4&+.!d!<+!$!

!
!

GG1! %?A)'3! !

!
!
GGG1! F&I'!H'@?I)'! !?,6! !)/5<@=')!4&+.!!6'@&'?)5,>!<+!5,@&'?)5,>!
!
21! F='!45>I&'!)=+/)!<='!>&?*=!+4! 3!<='!&'()*+!)*' !+4!?!4I,@<5+,!#1!!F='!6+.?5,!+4!5)!<='!
5,<'&;?A! 1!!X=5@=!+4!<='!4+AA+/5,>!?&'!<&I'!?H+I<!<='!>&?*=!+4!#D!
!
G1 c<!<='!*+5,<)!/='&'! !?,6! !<='&'!?&'!=+&5V+,<?A!<?,>',<)1!

%?A)'1! !/+IA6!,''6!<+!'MI?A!V'&+!!
GG1 c<!<='!*+5,<!/='&'! !<='&'!5)!?!&'A?<5;'!.5,5.I.!*+5,<1!

F&I'!H'@?I)'! !)/5<@=')!4&+.!$!<+!d!
GGG1 c<!<='!*+5,<!/='&'! !<='&'!5)!?,!5,4A'@<5+,!*+5,<1!

F&I'!H'@?I)'! !)/5<@=')!4&+.!d!<+!$!

!
F='&'4+&'3!!B6C!!GG!?,6!GGG!+,AT! !!!!!!

!

71! F='!6'&5;?<5;'!+4!<='!4I,@<5+,!, !5)! 1!!c<!<='!*+5,<!/='&'! !<='!
>&?*=!+4!, $
!

G1 5)!5,@&'?)5,>[! F&I'!H'@?I)'! !

GG1 5)!@+,@?;'!6+/,!! %?A)'!H'@?I)'! !

GGG1 ?<<?5,)!?!&'A?<5;'!.?S5.I.!*+5,<!%?A)'!H'@?I)'! !
!

B?C G!+,AT!! !
!
!

f ′ 1( ) = 0

f ″ x( )≠ 0 f ″ x( )
x        1          2     ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯

     +    0    −    dne     −

f ″ x( ) = dne f ′ x( )

′f
−4 ≤ x ≤ 4

x = −3 x = 2
f ′ x( )

x = 1
f ′ x( )
x = −3
f ′ x( )

′g x( ) = cos sin x( ) x = 0

′g 0( ) = cos sin0( ) = 1> 0
g″ 0( ) = −sin sin0( ) ⋅cos0 = 0

′g 0( ) ≠ 0



!

! '(%!

81!! F='!>&?*=!+4!<='!"#$%&'!'#()*+,)*#!+4!?!4I,@<5+,!#$5)!)=+/,!?<!&5>=<1!!X=5@=!+4!<='!
4+AA+/5,>!5)!<&I'D!!
!
!

G1 F='!>&?*=!+4!#!=?)!?,!5,4A'@<5+,!*+5,<!?<! 1! F&I'3! @=?,>')!)5>,!!
GG1 F='!>&?*=!+4!#!5)!@+,@?;'!6+/,!+,!<='!5,<'&;?A! 1!!F&I'3!H'@?I)' !
GGG1 F='!>&?*=!+4!<='!6'&5;?<5;'!4I,@<5+,!!5)!5,@&'?)5,>!?<! 1!!!%?A)'3!H'@?I)'!

!5)!5,@&'?)5,>!?<! !/+IA6!.'?,! !/+IA6!H'!*+)5<5;'1!!!
!

!F='&'4+&'3!B6C!! G!?,6!GG!+,AT!!
!
!
91! 	and	switches	from	positive	to	negative	only	at	 ,	therefore,	C)!
!
!
""1!! !?,6!)/5<@=')!4&+.!,'>?<5;'!<+!*+)5<5;'!+,AT!?< 3!<='&'4+&'1!cC!!
!
"21! 	and	switches	from	positive	to	negative,	therefore,	B)	
	
15.	 F='!>&?*=!+4!#!=?)!.?S5.I.)!?<! 3!)+!<='!6'&5;?<5;'!@=?,>')!4&+.!d!<+!e3!
therefore.	A)	 !
	
17.	 G1! F=5)!*?5&!5)!5,@+&&'@<!H'@?I)'!!)=+IA6!H'!*+)5<5;'!/='&';'&! 5)!5,@&'?)5,>3!
?,6!5<!5)!,+<1!
GG1! 5)!@+&&'@<!H'@?I)'!!=?)!V'&+)!/='&'!=?)! !'S<&'.')!?,6!@=?,>')!)5>,)!
?**&+*&5?<'AT!4+&!.?S!?,6!.5,!+,!1!!
GGG1! F=5)!*?5&!5)!@+&&'@<!H'@?I)'!!=?)!V'&+)!/='&'!=?)! !'S<&'.')!?,6!@=?,>')!)5>,)!
?**&+*&5?<'AT!4+&!.?S!?,6!.5,!+,! 1!!
!
Therefore,	E)!
!
!
!

x = −1 f ″
−1, 3( ) f ″ < 0

′f x = 1
′f x = 1 ′f 1( )

f ′ x( ) = 0 x = 4

f ′ x( ) = 0 x = 0

f ′ −1( ) = 0

x = ±5

f ! f

f ! f
f
f ! f
f



!

! '(& !

F='! \'@+,6!P'&5;?<5;'!K&?@<5@'!F')<!c,)/'&!i'T!
!
OIA<5*A'!E=+5@'!

"1! L,!/=5@=!5,<'&;?A!5)!<='!>&?*=!+4! !H+<=!@+,@?;'!6+/,!?,6!

5,@&'?)5,>D!

! !

! !

!B'C!! !

#1!! E+,)56'&!<='!4I,@<5+,! 1!!F='!&'()*+!)*' !+4!#!?<<?5,)!5<)!

.?S5.I.!;?AI')!?<! !

!

F='&'4+&'3!B?C! 2! ! !
!
21! c<!/=5@=!*+5,<!+,!<='!>&?*=!+4! 3!)=+/,!<+!<='!&5>=<3!5)! !

?,6! D!

!
!
!
!
!
!
!

!.'?,)!=+&5V+,<?A!<?,>',<N!! !.'?,)!KLG! !

! F='&'4+&'3!B6C!P! ! !

!

  f x( ) = 4x
3

2 − 3x2

  f ′ x( ) = 6x
1

2 − 6x = 0⇒ x = 0, 1
  

y′
x  0      1         ← →⎯⎯⎯⎯⎯⎯⎯

  0  +   0     −      

  
f ″ x( ) = 3x

−1
2 − 6 = 0⇒ x = 1

4
  

′′y
x  0       1

4          
← →⎯⎯⎯⎯⎯⎯⎯⎯
   dne +   0     −      

 

1
4

,  1
⎛
⎝⎜

⎞
⎠⎟

  
f x( ) = x4

2
− x5

10

  
f ′ x( ) = 2x3 − 1

2
x4 → f ″ x( ) = 6x2 − 2x3 = 0→ x = 0, 3

  

′′y
x  0       3         ← →⎯⎯⎯⎯⎯⎯⎯

 +  0 +   0     −      

 y = g x( )   ′g x( ) = 0

  ′′g x( ) = 0

  ′g x( ) = 0   ′g x( ) = 0



!

! '(# !

Q1! X=?<!5)!<='!"$@++&65,?<'!+4!<='!*+5,<!+4!5,4A'@<5+,!+,!<='!>&?*=!+4!

D!

!
F='&'4+&'3!B6C! ! ! !

!
!
!
71! W'<!#$H'!?!4I,@<5+,!<=?<!=?)!6+.?5,!

1!!F='!>&?*=!+4! !5)!)=+/,!?<!<='!

&5>=<1!!X=5@=!+4!<='!4+AA+/5,>!)<?<'.',<)!?&'!
F(]RD !

!
!

!
!
G1 #$=?)!?!&'A?<5;'!.?S5.I.!?<! 1!!F&I'3!H'@?I)'! !)/5<@=')!4&+.!
d!<+!$!
GG1 #$=?)!?,!?H)+AI<'!.5,5.I.!?<! 1!!!%?A)'3!H'@?I)'! !
GGG1 #$5)!@+,@?;'!6+/,!4+&! 1!!F&I'3!H'@?I)'! !5)!6'@&'?)5,>!
Gf1 #$=?)!5,4A'@<5+,!*+5,<)!?<! 3!?,6! 1!!!F&I'3!H'@?I)'!
)/5<@=')!4&+.!5,@&'?)5,>!<+!6'@&'?)5,>!+&!6'@&'?)5,>!<+!5,@&'?)5,>1!

!
F='&'4+&'3!! BHC!!!G3!GGG3!Gf! !
!
 !
U1! F='!>&?*=!+4!<='!</5@'$6544'&',<5?HA'!4I,@<5+,!#!5)!)=+/,!5,!<='!45>I&'!H'A+/1!!
X=5@=!+4!<='!4+AA+/5,>!5)!<&I'D!

!

!H'@?I)'! !5)!5,@&'?)5,>

!H'@?I)'! !5)!@+,@?;'!6+/,!!
!
F='&'4+&'3!B6C!!! ! !

! !

  
y = 1

3
x3 +5x2 + 24

  y′ = x2 +10x → y″ = 2x +10 = 0→ x = −5
 −5

 −2,  5⎡⎣ ⎤⎦  ′f

  x = −1  ′f

  x = 0   ′f ≠ 0
  −2 < x < 0  ′f

  x = 0,  x = 2   x = 3  ′f

  f 1( ) = 0

  ′f 1( ) > 0  f x( )
  ′′f 1( ) < 0  f x( )

  ′′f 1( ) < f 1( ) < ′f 1( )



!

! ')( !

%&''!(')*+,)' !

"1! %5,6!V'&+)!?,6!5,<'&;?A)!?H+;'jH'A+/!<='!"$?S5)!4+&! 1!

P+.?5,[! a+!,+, $*+)5<5;')!5,!<='!A,3!<='&'4+&'3! !

k'&+)[!!
!

!

!

21! %5,6!<='!*+5,<)!+4!5,4A'@<5+,!?,6!5,<'&;?A)!+4!@+,@?;5<T!4+&! 1!

!

!

!
!5)!@+,@?;'!6+/,!/=',! !5)!,'> ?<5;'1!!F='&'4+&'3! !

!5)!@+,@?;'!I*!/=',! !5)!*+)5<5;'1!!F='&'4+&'3! !

!=?)!?!KLG!/=',! !)/5<@=')!)5>,3!<='&'4+&'3! !

!
!
! !

  
y = ln −3x

x2 + 9
⎛
⎝⎜

⎞
⎠⎟

  x ∈ −∞,  0( )

  
y = ln −3x

x2 + 9
⎛
⎝⎜

⎞
⎠⎟
= 0⇒ −3x

x2 + 9
= 1

  

−3x = x2 + 9

x2 − 3x + 9 = 0⇒ x = 3± 9− 36
2

= non − Real∴none

  
y = ln −3x

x2 + 9
⎛
⎝⎜

⎞
⎠⎟

  

y′ = x2 + 9
−3x

⎛
⎝⎜

⎞
⎠⎟

x2 + 9( ) −3( )− −3x( ) 2x( )
x2 + 9( )2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 3x2 − 27
−3x x2 + 9( ) =

x2 − 9
−x x2 + 9( )

  

y′ = x2 − 9
−x x2 + 9( ) =

−x3 − 9x( ) 2x( )− x2 − 9( ) −3x2 − 9( )
x2 x2 + 9( )2

= 0

x = −6.175
y″
x    − 6.175       0← →⎯⎯⎯⎯⎯⎯⎯⎯

   −    0    + dne

 y  y″   x ∈ −∞,−6.175( )
 y  y″   x ∈ −6.175,  0( )
 y  y″  −6.175,−0.934( )



!

! ')) !

K&?@<5@'!:&+I*!F')<!c,)/'&!i'T eeK?>'!"!

"1!! RS<&'.'!K+5,<)[! !

!
21! \''!*?>'!2!?,6!Q !4+&!-.*. )!?,6!).*.)! !

$$$$$"$ $ $ $ %$ $ $ ! E+,@AI)5+,! !

! !!!!! ! d! ! e! e! H'A+/3!6'@&'?)5,>3!EP!

! ! ! ! e! Y! KLG! ! !

! ! e! ! e! d! H'A+/3!6'@&'?)5,>3!E]!

! ! ! ! ! Y! d! .5,!*<1!

! ! ! e! ! d! d! H'A+/3!5,@&'?)5,>3!E]!

!! ! ! Y! ! d! Y! V'&+3!KLG!

! ! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! ! ! ! Y! e! .?S5.I.!*<1 !

! ! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

! ! ! ! ! e! Y! KLG! ! !

! ! ! d! ! e! d! ?H+;'3!6'@&'?)5,>3!E]!

!
! !

y = 2x2 1
2
e
1
2x⎛

⎝⎜
⎞
⎠⎟
+ e

1
2x 4x( ) = 0→ x = 0, − 4   0,  0( ),  −4,  32e−2( )

 ′y  ′′y

−∞,  − 6( )
x = − 6 − 12 6

 
− 6, − 2( )
x = − 2 − 2

 
− 2,  0( )
x = 0

 
0, 2( )
x = 2 2

 
2, 6( )

x = 6 1
2 6

6,   ∞( )



!

! ')* !

K?>'!#!

"1!! !

! ! !

RS<&'.' !K+5,<)[! !

21! \''!*?>'!Q!?,6!"! 4+&!-.*. )!?,6!).*.)! !

$$$$$"$ $ $ $ %$ $ $ ! E+,@AI)5+,! !

! ! ! PaR!!! PaR!!PaR!!fc ! ! !
! ! e! ! d! e! H'A+/3!5,@&'?)5,>3!EP!

! ! ! Y! ! d! e! V'&+!

! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

! ! ! "1"#7!! Y! e! .?S1!*<1!

! ! d! ! e! e! ?H+;'3!6'@&'?)5,>3!EP!

! ! ! Y! ! e! e! V'&+!
! ! ! e! ! e! e! H'A+/3!6'@&'?)5,>3!EP!

!! ! ! PaR!!! PaR!!PaR!!fc ! !
!! ! ! PaR!!! PaR!!PaR!!fc !

! ! ! e! ! d! e! H'A+/3!5,@&'?)5,>3!EP!

! ! ! Y! ! d! e! V'&+!
! ! ! d! ! d! e! ?H+;'3!5,@&'?)5,>3!EP!

!
! !

dy
dx = x

1
2 12+ 4x− x

2( )−12 4 − 2x( )⎡
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dy
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x2 + 2( ) 4( )− 4x 2x( )
x2 + 2( )2

= 0→ x = ± 2
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−∞, −6.828( )
x = −6.828

 
−6.828, − 4( )
x = −4

 
−4, −1.472( )
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x = 0
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y = ln x3 − 4x( )→Domain : x∈ −2, 0( )∪ 2, ∞( )
dy
dx =

3x2 − 4
x3 − 4x

= 0→ x = ± 2
3
, but 2

3
is not in the domain
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x = −2
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x = 0
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1.320, 4.372( )
x = 4.372

 
4.372, 6( )
x = 6

x = 0
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3x5 + csc2 x

ecot x − x3csc x4( )⎛
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x −3x2 +17( )⌠

⌡
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a t( ) = 48t2 −18t + 6
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= y − 2
x+1

 

dy
dx



!

! ')$ !

!
!
H1! G4!<='!)+AI<5+,!@I&;'!*?))')!<=&+I>=!<='!*+5,<!BY3!YC3!)0'<@=!<='!)+AI<5+,!
@I&;'!+,!<='!)?.'!)'<!+ 4!?S')!?)!T+I&!)A+*'!45'A61!
!

@1! %5,6!<='!'MI?<5+,!4+&!<='!)+AI<5+,!@I&;'!+4! !>5;',!<=?<!

!
!

3

2

1

–1

–2 2

  

dy
dx

= y− 2( ) x+1( )

  y 0( ) = 5


