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Trigonometric Identities Homework Answer Key
 

3-1 Free Response Homework 

1.  

 
 

  
3.  

 

5. 
 

 

 

  

  cos2 x + tan2 xcos2 x

  

= cos2 x 1+ tan2 x( )
= cos2 xsec2 x

= cos2 x
1

cos2 x
= 1

 
4+ tan! " cot!( )2

 

= 4+ tan2σ − 2tanσ cotσ + cot2σ

= 4+ tan2σ − 2 tanσ 1
tanσ

+ cot2σ

= 4+ tan2σ − 2+ cot2σ
= 2+ tan2σ + cot2σ
= 2+ sec2σ −1( ) + csc2σ −1( )
= sec2σ + csc2σ

  

sin x( ) −sin x( )− cos x( ) cos x( )
sin2 x

  

= ! sin2 x ! cos2 x
sin2 x

=
! sin2 x + cos2 x( )

sin2 x

= ! 1
sin2 x

= ! csc2  x
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7. 
 

 

 

  
9.  

 

 
− cosϕ

sin2ϕ

  

= − 1
sinϕ i

cosϕ
sinϕ

= −cscϕ cotϕ

  
tanW cotW cosW + sinW( )

  

= tanW cotW cosW + tanW sinW

= tanW 1
tanW

cosW + tanW sinW

= cosW + tanW sinW

= cosW + sinW
cosW

sinW

= cosW
cosW

cosW + sin2 W
cosW

= cos2 W
cosW

+ sin2 W
cosW

= 1
cosW

= secW



 

   31 

11.  

 

 
13.  

  

 

  

sinx
1! cosx

+1! cosx
sinx

  

= sinx
sinx

sinx
1! cosx( )

+
1! cosx( )
1! cosx( )

1! cosx( )
sinx

= sin2 x+1! 2cosx+cos2 x
sinx 1! cosx( )

= 1+1! 2cosx
sinx 1! cosx( )

= 2! 2cosx
sinx 1! cosx( )

=
2 1! cosx( )

sinx 1! cosx( )
= 2

sinx
= 2cscx

  tanb+cotb

  

= sinb
cosb + cosb

sinb

= sinb
sinb

sinb
cosb + cosb

sinb
cosb
cosb

= 1
sinbcosb

= cscb
cosb
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15.  

 

 
 
  

  2sec2 x + 2sec x tan x −1

  

= 2
cos2 x

+ 2 1
cosx

sin x
cosx

−1

= 2
cos2 x

+ 2sin x
cos2 x

−1cosx
cosx

= 2+ 2sin x− cos2 x
cos2 x

=
2+ 2sin x− 1− sin2 x( )

1− sin2 x

= 2+ 2sin x−1+ sin2 x
1− sin x( ) 1+ sin x( )

= 1+ 2sin x+ sin2 x
1− sin x( ) 1+ sin x( )

=
1+ sin x( ) 1+ sin x( )
1− sin x( ) 1+ sin x( )

= 1+ sin x
1− sin x
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3-1 Multiple Choice Homework 

1. D 

 

 
3. C 

 

Consider I: 

   

csc x −1
sin x −1

=

1
sin x

−1

sin x −1

= 1
sin x

−1
⎛
⎝⎜

⎞
⎠⎟
÷ sin x −1( )

= 1
sin x

− sin x
sin x

⎛
⎝⎜

⎞
⎠⎟
÷ sin x −1( )

= 1− sin x
sin x

⎛
⎝⎜

⎞
⎠⎟
÷ sin x −1( )

= 1− sin x
sin x

i
1

sin x −1

= 1− sin x
sin x

i − 1
1− sin x( )

= − 1
sin x

= −csc x

   

sec x( ) tan x( ) < 0

⇔ 1
cos x

i
sin x
cos x

< 0

⇔ sin x
cos2 x

< 0

⇒ sin x < 0  b/c cos2 x > 0( )
⇒ x is in the 3rd or 4th quadrant
∴  III is true
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But if x is in the 3rd or 4th quadrant, we are not sure if .  So we are 
not sure if I must be true. 

 
Consider II:  

 

But if x is in the 3rd or 4th quadrant, we are not sure if .  So we are 
not sure if II must be true. 

 
5. A 

  

  

  

 
 
  

  

tan x < 0

⇔ sin x
cos x

< 0

If sin x < 0,  then cos x>
?

0.
  cos x > 0

csc xicot x < 0

⇔ 1
sin x
i
cos x
sin x

< 0

⇔ cos x
sin2 x

< 0

If sin2 x > 0,  then cos x<
?

0.
  cos x < 0

 

α  is in QII, where sinα > 0
β  is in QIII, where tanβ > 0

 

Consider (a):
If tanα < 0 and tanβ > 0,
then tanα ≠ tanβ
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3-2 Free Response Homework 

1.  
  
 
3.  

  

 
5.  

  

 

7. 
 

  

 
9.  

 
 

 
  

x2 − 6xy+ 8y2

  = x − 4y( ) x − 2y( )
3x− 5x2 − 2x3

  

= −x 2x2 +5x − 3( )
= −x 2x −1( ) x + 3( )

x4 − 3x2 + 2

  

= x2 −1( ) x2 − 2( )
= x −1( ) x +1( ) x2 − 2( )
x3 + x2 + x +1

 x4 −1

  

=
x2 x +1( ) +1 x +1( )

x2 +1( ) x2 −1( )

=
x +1( ) x2 +1( )

x2 +1( ) x +1( ) x −1( )
= 1

x −1

  sin2 x+ cot2 xsin2 x

  

= sin2 x 1+ cot2 x( )
= sin2 x csc2 x( )
=1
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11.  

 

 

13. 
 

 

 

 

15.     

 

 

17. 
 

1− 5
2
cscθ = 6sin

2θ −19sinθ +10
6sin2θ − 4sinθ

= 3sinθ − 2( ) 2sinθ − 5( )
2sinθ 3sinθ − 2( )

= 2sinθ − 5
2sinθ

= 2sinθ2sinθ − 5
2sinθ

=1− 52 cscθ

  
1+ tan3 B

− tan B+ sec2 B

  

=
1+ tan B( ) 1− tan B + tan2 B( )

− tan B + 1+ tan2 B( )
= 1+ tan B

= 1+ tan B( ) cot B
cot B

= cot B +1
cot B

 

8+ cos3 x( )
cosx− 2( ) i

cos2 x− 4cosx+ 4( )
cos2 x− 2cosx+ 4( )

 

=
2+ cosx( ) cos2 x− 2cosx+ 4( )

cosx− 2( ) i
cosx− 2( ) cosx− 2( )
cos2 x− 2cosx+ 4( )

= 2+ cosx( ) cosx− 2( )
= cos2 x− 4

tan2w− secw− 5
tan2w+ 3secw+ 3
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19.   
 

  
 

21.   

 

 

 

=
sec2 w −1( )− secw − 5
sec2 w −1( ) + 3secw + 3

= sec2 w − secw − 6
sec2 w + 3secw + 2

=
secw + 2( ) secw − 3( )
secw + 2( ) secw +1( )

= secw − 3
secw +1

3sec2 t − 8tant +1
sec2 t − tant − 3

=
3 tan2 t +1( )− 8tant +1
tan2 t +1( )− tant − 3

= 3tan
2 t + 3− 8tant +1

tan2 t +1− tant − 3

= 3tan
2 t − 8tant + 4

tan2 t − tant − 2

=
3tant − 2( ) tant − 2( )
tant +1( ) tant − 2( )

= 3tant − 2tant +1

  

cot2 x− 4csc x−11
cot2 x−3

  

=
csc2 x −1( )− 4csc x −11

csc2 x −1− 3

= csc2 x − 4csc x −12
csc2 x − 4

=
csc x + 2( ) csc x − 6( )
csc x + 2( ) csc x − 2( )

= csc x − 6
csc x − 2



 

   38 

23.  

 
 

 
  

cos2w+ 2cosw+1
cos2w− 3cosw− 4

=
cosw+1( ) cosw+1( )
cosw+1( ) cosw− 4( )

= cosw+1
cosw− 4
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3-2 Multiple Choice Homework

 

1.   D 

 
 

 
3.  E 

 

 
5.  B 

cot x 1
sec x

+ 1
csc x

⎛
⎝⎜

⎞
⎠⎟

= cot x
sec x

+ cot x
csc x

= csc x
csc x

cot x
sec x

+ cot x
csc x

sec x
sec x

= cot xcsc x + cot xsec x
csc xsec x

   

6 tan2 x −1( )
tan x + 4

÷
2 tan2 x + 2tan x +1( )

tan2 x + 4tan x

=
6 tan x −1( ) tan x +1( )

tan x + 4
i

tan2 x + 4tan x
2 tan2 x + 2tan x +1( )

=
6 tan x −1( ) tan x +1( )

tan x + 4
i

tan x tan x + 4( )
2 tan x +1( ) tan x +1( )

=
6
3

tan x −1( ) tan x +1( ) tan x tan x + 4( )
2 tan x + 4( ) tan x +1( ) tan x +1( )

=
3tan x tan x −1( )

tan x +1
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3-3 Free Response Homework 

1.  
 

a.   

 
   
 
 
 

b.    

c.  

   

  

5x3 y + 20x2 y2 + 20xy3

5xy

=
5xy x2 + 4xy + 4y2( )

5xy

=
5xy x2 + 4xy + 4y2( )

5xy

= x2 + 4xy + 4y2

= x + 2y( )2

  
sin µ −α( ) = sinµcosα − cosµ sinα = −5

34
i
−8
17

− 3

34
i
−15
17

= 85

17 34
= 5

34

  
cos µ +α( ) = cosµcosα − sinµ sinα = 3

34
i
−8
17

− −5

34
i
−15
17

= −99

17 34

  
tan α − µ( ) = tanα − tanµ

1+ tanα tanµ
= 15

8
− −5

3
⎛
⎝⎜

⎞
⎠⎟
÷ 1+ 15

8
i
−5
3

⎛
⎝⎜

⎞
⎠⎟
= − 5

3
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d. 

 

 

 
   

e.  

 

   

f. 

 
 

 

3.

   

  
 

  
cos α − µ( ) = cosα cosµ + sinα sinµ = −8

17
i

3

34
+ 15

17
i
−5

34
= 3

34

 
⇒ sec α − µ( ) = 34

3

  
sin α + µ( ) = sinα cosµ + cosα sinµ = −15

17
i

3

34
+ −8

17
i
−5

34
= −5

17 34

 
⇒ csc α + µ( ) = −17 34

5

  
tan α + µ( ) = tanα + tanµ

1− tanα tanµ
= 15

8
+ −5

3
⎛
⎝⎜

⎞
⎠⎟
÷ 1− 15

8
i
−5
3

⎛
⎝⎜

⎞
⎠⎟
= 5

99

 
⇒ cot α + µ( ) = 99

5

 
sin3θ cos12°− cos3θ sin12° = 1

2

  

sin 3θ −12°( ) = 1
2

3θ −12° = 30° ± 360°n
150° ± 360°n

⎧
⎨
⎩⎪

3θ = 42° ± 360°n
162° ± 360°n

⎧
⎨
⎩⎪

θ = 14° ±120°n
54° ±120°n

⎧
⎨
⎩⎪
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5.  

 

7.  

 

 
 

 sinφ cos15° = cosφ sin15°

   

sinφ cos15°− cosφ sin15° = 0

sin φ −15°( ) = 0

φ −15° = 0° ± 360!n
180° ± 360!n

= 0° ±180°n{⎧
⎨
⎪

⎩⎪

φ = 15° ± 360°n
195! ± 360°n

= 15° ±180°n{⎧
⎨
⎪

⎩⎪

  
sec x − π

4
⎛
⎝⎜

⎞
⎠⎟
= 2+ 2sec x − π

4
⎛
⎝⎜

⎞
⎠⎟

  

sec x − π
4

⎛
⎝⎜

⎞
⎠⎟
− 2sec x − π

4
⎛
⎝⎜

⎞
⎠⎟
= 2

−sec x − π
4

⎛
⎝⎜

⎞
⎠⎟
= 2

sec x − π
4

⎛
⎝⎜

⎞
⎠⎟
= −2

cos x − π
4

⎛
⎝⎜

⎞
⎠⎟
= − 1

2

x − π
4
=

2π
3

± 2πn

− 2π
3

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= ± 2π
3

± 2πn
⎧
⎨
⎩

x =

11π
12

± 2πn

− 5π
12

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x = 11π
12

,  − 5π
12

⎧
⎨
⎩

⎫
⎬
⎭
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9.  
 

  

11.   

 
 

 

13.  

  

 

  

sin A+ B( )+ sin A− B( )
sin A+ B( )− sin A− B( )

  
= sin Acos B+ cos Asin B+ sin Acos B− cos Asin B

sin Acos B+ cos Asin B− sin Acos B− cos Asin B( ) =
2sin Acos B
2cos Asin B = tan Acot B

  
sin Acos A+ cos Asin A
cos Acos A− sin Asin A

  

=
sin A+ A( )
cos A+ A( )

= tan A+ A( )
= tan A+ tan A

1− tan Atan A

= 2tan A
1− tan2 A

  
cot Acot B −1
cot A+ cot B

  

= tan Atan B
tan Atan B

cot Acot B −1( )
cot A+ cot B( )

= 1− tan Atan B
tan B + tan A

= 1
tan A+ B( )

= cot A+ B( )
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3-3 Multiple Choice Homework 

1. B 

 

3. D

 
 

 

 

5. A  

   

sin A+ 30°( ) + cos A+ 60°( )
= sin Acos30° + cos Asin30° + cos Acos60°− sin Asin60°

= sin A i
3

2
+ cos A i

1
2
+ cos A i

1
2
− sin A i

3
2

= cos A i
1
2
+ cos A i

1
2

= cos A

   
sin A+ B( ) = sin Acos B + cos Asin B = 3

5
i

1
3
+ −4

5
i
− 8

3
= 0.954

cos 7π
8
cosπ

8
− sin 7π

8
sinπ
8
= cos 7π

8
+ π
8

⎛
⎝⎜

⎞
⎠⎟ = cos π( ) = −1
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3-4 Free Response Homework 

1. 

 
 

 
 

a.  

 

b.  

 

  c. 
 

   

  d. 
 

   

  sin 2A( ) = 2sin Acos A
  
= 2 i

1
3

i
−2 2

3
= −4 2

9

  cos 2B( ) = 1− 2sin2 B
 
= 1− 2 24

25
⎛
⎝⎜

⎞
⎠⎟

2

= −527
625

  
tan 2A( ) = 2tan A

1− tan2 A

 

=
2 1

−2 2
⎛
⎝⎜

⎞
⎠⎟

1− 1
−2 2

⎛
⎝⎜

⎞
⎠⎟

2 = −8
7 2

  cos 2B( ) = 1− 2sin2 B
  
= 1− 2 24

25
⎛
⎝⎜

⎞
⎠⎟

2

= −527
625

⇒ sec 2B( ) = −625
527
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  e. 
 

   
  

f. 
 

 
3. 

 

 

 

  sin 2A( ) = 2sin Acos A
   
= 2 i

1
3

i
−2 2

3
= −4 2

9
⇒ csc 2A( ) = 9

−4 2

  
tan 2B( ) = 2tan B

1− tan2 B

  

=
2

−24
7

⎛
⎝⎜

⎞
⎠⎟

1− −24
7

⎛
⎝⎜

⎞
⎠⎟

2 = 336
527

⇒ cot 2B( ) = 527
336

  cos2 x − sin2 x −1= 2cos2x

  

cos2x −1= 2cos2x
cos2x − 2cos2x = 1
−cos2x = 1
cos2x = −1

2x = π ± 2πn
−π ± 2πn

= π ± 2πn{⎧
⎨
⎪

⎩⎪

x = π
2
±πn

⎧
⎨
⎩

x = π
2

,  
3π
2

⎧
⎨
⎩

⎫
⎬
⎭
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5. 

 

 

 

7.  

  

 

  
csc2x + 1

sin xcos x
= 6

  

1
sin2x

+ 1
sin xcos x

= 6

1
sin2x

+ 2
2sin xcos x

= 6

1
sin2x

+ 2
sin2x

= 6

3
sin2x

= 6

1
sin2x

= 2

sin2x = 1
2

2x =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x =

π
12

±πn

5π
12

±πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

  
1− tan2 x

2tan x
= 3

  

cot 2x = 3

tan2x = 1

3

2x = π
6
±πn

⎧
⎨
⎩

x = π
12

± π
2

n
⎧
⎨
⎩
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9.  

 
11.  

  

 
13.  

  

 
 

 cos4 β − sin4 β

 

= cos2 β − sin2 β( ) cos2 β + sin2 β( )
= cos  2β

 cos2φ  cot2φ + cos2φ

 

= cos2φ cot2φ +1( )
= cos2φ − sin2φ( ) csc2φ( )
= cos2φcsc2φ −1

= cos2φ
sin2φ

−1

= cot2φ −1

 
1+ tanδ( ) tan2δ

 

= 1+ tanδ( ) 2tanδ
1− tan2δ

=
2tanδ 1+ tanδ( )

1− tanδ( ) 1+ tanδ( )
= 2tanδ

1− tanδ
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3-4 Multiple Choice Homework 

1.   D 
 Let’s try (a): 

  

 (a) is equal to . 

 
Let’s try (b): 

 (b) is equal to . 

 

   

cos2x
cos x

=
?

cos x − sin x tan x

cos2x
cos x

=
?

cos x − sin x i
sin x
cos x

cos2x
cos x

=
?

cos x − sin2 x
cos x

cos2x
cos x

=
? cos x

1
− sin2 x

cos x
cos2x
cos x

=
? cos2 x − sin2 x

cos x
cos2x
cos x

= cos2x
cos x

∴
  

cos2x
cos x

   

cos2x
cos x

=
?

sec x − 2sin x
cot x

cos2x
cos x

=
? 1

cos x
− 2sin x ÷ cot x( )

cos2x
cos x

=
? 1

cos x
− 2sin x

1
÷ cos x

sin x
⎛
⎝⎜

⎞
⎠⎟

cos2x
cos x

=
? 1

cos x
− 2sin x

1
i

sin x
cos x

cos2x
cos x

=
? 1

cos x
− 2sin2 x

cos x
cos2x
cos x

=
? 1− 2sin2 x

cos x
cos2x
cos x

= cos2x
cos x ∴

  

cos2x
cos x



 

   50 

Let’s try (c): 

     (c) is equal to . 

 
Let’s try (d): 

    (d) is not equal to . 

 
3.   D 

 
 

 

 

  

cos2x
cosx

=
?

2cosx ! secx

cos2x
cosx

=
?

2cosx !
1

cosx
cos2x
cosx

=
? 2cosx

1
!

1
cosx

cos2x
cosx

=
? 2cos2 x ! 1

cosx
cos2x
cosx

=
cos2x
cosx

∴
  

cos2x
cos x

   

cos2x
cosx

=
?

secx ! 2sin2 xtanx

cos2x
cosx

=
? 1

cosx
! 2sin2 x i

sinx
cosx

cos2x
cosx

=
? 1! 2sin3 x

cosx
1! 2sin2 x

cosx
"

1! 2sin3 x
cosx

∴
  

cos2x
cos x

  

tan2x =
2tanx

1! tan2 x
=

2
! 3
4

"
#$

%
&'

1!
! 3
4

"
#$

%
&'

2
=

! 24
7
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5.   C 

  

 
 
3-5 Free Response Homework 

1.  

 

If , then . .  

 

  a.  

 
 

  b. 
 

   

   

3sin2!
1" cos2!

=
1
2

3i
sin2!

1" cos2!
=

1
2

3cot! =
1
2

cot! =
1
6

# tan! = 6

! = 80.358¡ ±180{ ¡n

! = 80.358¡

  0¡ < x < 90¡
  
0¡ <

1
2

x < 45¡
  
!

1
2

x is in QI

  
sin

1
2

x
!
"#

$
%&

= +
1
2

1'
4
5

!
"#

$
%& 

=
1

10
=

1

10

  
cos

1
2

x
!
"#

$
%&

= +
1
2

1+
4
5

!
"#

$
%& 

=
9

10
=

3

10
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  c.   

 
3. 

   

If , then  

 .  

 

   a. 
 

 

  b. 
 

 

  c. 
 

 
5.  

 

  

tan
1
2

x
!
"#

$
%&

=
sin

1
2

x
!
"#

$
%&

cos
1
2

x
!
"#

$
%& 

=
1

10
3

10

=
1
3

   180! < x < 270!

  
90¡ <

1
2

x <135¡

  
!

1
2

x is in QII

  
sin

1
2

x
!
"#

$
%&

= +
1
2

1+
24
5

!
"#

$
%& 

=
49
50

=
7

5 2

  
cos

1
2

x
⎛
⎝⎜

⎞
⎠⎟
= − 1

2
1− 24

5
⎛
⎝⎜

⎞
⎠⎟  
= − 1

50
= − 1

5 2

  

tan
1
2

x
⎛
⎝⎜

⎞
⎠⎟
=

sin
1
2

x
⎛
⎝⎜

⎞
⎠⎟

cos
1
2

x
⎛
⎝⎜

⎞
⎠⎟  

=
7

5 2
−1

5 2

= −7
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If , then  

 .  

 

 a.  

 

  b.  

 

  c.  
 

 

7. 
 

 
 

 

630 < x < 720
  
315° < 1

2
x < 360°

∴ 1
2
x is in QIV

  
sin 1

2
x

⎛
⎝⎜

⎞
⎠⎟
= − 1

2
1− 4

5
⎛
⎝⎜

⎞
⎠⎟   
= − 1

10
= − 1

10
⇒ csc 1

2
x

⎛
⎝⎜

⎞
⎠⎟
= − 10

  
cos

1
2

x
⎛
⎝⎜

⎞
⎠⎟
= 1

2
1+ 4

5
⎛
⎝⎜

⎞
⎠⎟   
= 9

10
= 3

10
⇒ sec 1

2
x

⎛
⎝⎜

⎞
⎠⎟
= 10

3

  

cot
1
2

x
⎛
⎝⎜

⎞
⎠⎟
=

cos
1
2

x
⎛
⎝⎜

⎞
⎠⎟

sin
1
2

x
⎛
⎝⎜

⎞
⎠⎟  

=
3

10
−1

10

= −3

  
− 1

2
1− cos x( ) = − 3

2

  

sin 1
2

x
⎛
⎝⎜

⎞
⎠⎟
= − 3

2

1
2

x =

4π
3

± 2πn

5π
3

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x =

8π
3

± 4πn

10π
3

± 4πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x = 8π
3

,  10π
3

⎧
⎨
⎩

⎫
⎬
⎭
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9.  

 

 

11. 
  

 

 
 
 
 
 
 

  
− 1

2
1+ cos x( ) = 0

  

cos
1
2

x
⎛
⎝⎜

⎞
⎠⎟
= 0

1
2

x =

π
2
± 2πn

− π
2
± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= ± π
2
± 2πn

⎧
⎨
⎩

x = π ± 4πn
−π ± 4πn

⎧
⎨
⎪

⎩⎪
= ±π ± 4πn{

  

1− cos x
sin x

= − 3

  

tan 1
2

x
⎛
⎝⎜

⎞
⎠⎟
= − 3

1
2

x =

2π
3

± 2πn

5π
3

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= 2π
3

±πn
⎧
⎨
⎩

x =

4π
3

± 4πn

10π
3

± 4πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= 4π
3

± 2πn
⎧
⎨
⎩

x = −2π
3

,  4π
3

⎧
⎨
⎩

⎫
⎬
⎭
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13.  

  

 
15.  

  

 
 

17.  

 

 

 

 
  

  
tan x tan 1

2 x
⎛
⎝⎜

⎞
⎠⎟

  

= sin x
cosx

1− cosx( )
sin x

= 1− cosx
cosx

= sec x−1

  csc x − cot x

  

= 1
sin x

− cos x
sin x

= 1− cos x
sin x

= tan 1
2

x
⎛

⎝⎜
⎞

⎠⎟

  

cos 1
2

x⎛
⎝⎜

⎞
⎠⎟
+ sin 1

2
x⎛

⎝⎜
⎞
⎠⎟

cos 1
2

x⎛
⎝⎜

⎞
⎠⎟
− sin 1

2
x⎛

⎝⎜
⎞
⎠⎟

=
cos 1

2
x⎛

⎝⎜
⎞
⎠⎟
+ sin 1

2
x⎛

⎝⎜
⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

cos 1
2

x⎛
⎝⎜

⎞
⎠⎟
− sin 1

2
x⎛

⎝⎜
⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

cos 1
2

x⎛
⎝⎜

⎞
⎠⎟
+ sin 1

2
x⎛

⎝⎜
⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

cos 1
2

x⎛
⎝⎜

⎞
⎠⎟
+ sin 1

2
x⎛

⎝⎜
⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

  

=
cos2 1

2
x

!

"#
$

%&
+2sin 1

2
x

!

"#
$

%&
cos 1

2
x

!

"#
$

%&
+sin2 1

2
x

!

"#
$

%&

cos2 1
2

x
!

"#
$

%&
' sin2 1

2
x

!

"#
$

%&

  

=
1+sin2

1
2

x
!

"#
$

%&

cos2
1
2

x
!

"#
$

%&

=
1+sinx

cosx
=

1
cosx

+
sinx
cosx

= secx+ tanx 
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3-5 Multiple Choice Homework
 1.   D 

   

 
3.  D 
 Note:  
  

Let’s try (a): 

  
 (a) is equivalent to . 

Note: This can be derived from the Pythagorean Identity 
  
 
 Let’s try (b): 
  
 (b) is equivalent to . 

Note: This can be derived from the Double Angle Identity  
  
 

Let’s try (c): 

  

 (c) is equivalent to . 
Note: This can be derived from the Half Angle Identity  

  

 
Let’s try (d): 

  

1− cosθ
sinθ

= 3
3

tan
1
2
θ⎛

⎝⎜
⎞
⎠⎟
= 3

3

1
2
θ = 30° ± 360°n{

θ = 60° ± 720°n{
θ = 60°

 sin40° = 0.643

 1− cos2 40° = 0.643
∴  sin40°

 sin2θ + cos2θ = 1

 2sin20°cos20° = 0.643
∴  sin40°

 2cosθ sinθ = sin2θ

 

1− cos80°
2

= 0.643

∴  sin40°

 

1− cosθ
2

= sin
1
2
θ

⎛
⎝⎜

⎞
⎠⎟
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(c) is not equivalent to . 
 
 
5.  C  Note: Use the Double Angle Identity for tangent, 

, and let . 

 

  

 
 
 
3-6 Free Response Homework 

1.  

 

 
 
 
 

 

1+ cos80°
2

= 0.766

∴  sin40°

 

2 tanθ
1+ tan2θ

= tan2θ
  
θ = x

2

  

2tan x
2

1+ tan2 x
2

= tan x

 
cos2 2θ − sin2 2θ = 3

2

  

cos 2 2θ( )⎡⎣ ⎤⎦ =
3

2

cos 4θ( ) = 3
2

4θ = 30° ± 360°n
−30° ± 360°n

⎧
⎨
⎩⎪

= ±30° ± 360°n{

θ = 7.5° ± 90°n
−7.5° ± 90°n

⎧
⎨
⎪

⎩⎪
= ±7.5° ± 90°n{

θ ∈
7.5°,  82.5°,  97.5°,
172.5°,  187.5°,  262.5°,
277.5°,  352.5°

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪
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3.  

 

  

 

5. 
 

 

 
 

 
sin3θ cos12°− cos3θ sin12° = 1

2

  

sin 3θ −12°( ) = 1
2

3θ −12° = 30° ± 360°n
150° ± 360°n

⎧
⎨
⎩⎪

3θ = 42° ± 360°n
162° ± 360°n

⎧
⎨
⎩⎪

θ = 14° ±120°n
54° ±120°n

⎧
⎨
⎩⎪

θ ∈
14°,  54°,  134°,
174°,  254°,  294°
⎧
⎨
⎩

⎫
⎬
⎭

  
2cos2 1

2
x

⎛
⎝⎜

⎞
⎠⎟
− 2 = 3cos x

   

2
1
2

1+ cos x( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2

− 2 = 3cos x

2 i
1
2

1+ cos x( )− 2 = 3cos x

1+ cos x − 2 = 3cos x
−2cos x = 1

cos x = − 1
2

x =

2π
3

± 2πn

− 2π
3

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= ± 2π
3

± 2πn
⎧
⎨
⎩

x ∈ ± 2π
3

⎧
⎨
⎩

⎫
⎬
⎭
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7.  

  

  

9.        

 

 

  4sin xcos x = 3

   

2 i 2sin xcos x = 3

2sin xcos x = 3
2

sin2x = 3
2

2x =

π
3
± 2πn

2π
3

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x =

π
6
±πn

π
3
±πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x ∈ π
6

,  
π
3

,  
7π
6

,  
4π
3

⎧
⎨
⎩

⎫
⎬
⎭

 
cosθ cos20°− sinθ sin20° = 1

2

  

cos θ + 20¡( ) =
1

2

θ + 20¡ = 45¡ ± 360¡n
−45¡ ± 360¡n

⎧
⎨
⎩⎪

= ±{ 45¡ ± 360¡n

θ = 25¡ ± 360¡n
−65¡ ± 360¡n

⎧
⎨
⎩⎪

θ ∈ 25¡,  295¡{ }
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11. 
 

 
13.  

 

  tan4 x ! 4tan2 x+3= 0

  

tan2 x ! 3( ) tan2 x ! 1( ) = 0

tan2 x = 3  or  tan2 x =1

tanx = ± 3  or  tanx = ±1

tanx = 3  or  tanx = ! 3  or tanx =1  or tanx = ! 1

x =

"
3

± 2" n

4"
3

± 2" n

#

$
%
%

&
%
%

 or  x =

2"
3

± 2" n

5"
3

± 2" n

#

$
%
%

&
%
%

or  x =

"
4

± 2" n

5"
4

± 2" n

#

$
%
%

&
%
%

or  x =

3"
4

± 2" n

7"
4

± 2" n

#

$
%
%

&
%
%

x =

"
3

±" n

5"
3

±" n

#

$
%
%

&
%
%

or  x =

"
4

±" n

3"
4

±" n

#

$
%
%

&
%
%

x ' !
"
4

#
$
&

(
)
*

  3! 3sinx ! 2cos2 x = 0

  

3! 3sinx ! 2 1! sin2 x( ) = 0

3! 3sinx ! 2+ 2sin2 x = 0

2sin2 x ! 3sinx+1= 0

2sinx ! 1( ) sinx ! 1( ) = 0

sinx =
1
2

  or  sinx =1

" x =

#
6

± 2#n

5#
6

± 2#n

$

%
&
&

'
&
&

 or  x =
#
2

± 2#n
$
%
'

x =

#
6

± 2#n

5#
6

± 2#n

#
2

± 2#n

$

%

&
&
&

'

&
&
&
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15.  

 

 
17.  

 

 

  tan4 x ! sec2 x = ! 3

  

tan2 x − sec2 x( ) tan2 x + sec2 x( ) = −3

− sec2 x − tan2 x( ) tan2 x + sec2 x( ) = −3

sec2 x − tan2 x( ) tan2 x + sec2 x( ) = 3

tan2 x + sec2 x = 3

tan2 x + tan2 x +1( ) = 3

2tan2 x +1= 3

2tan2 x = 2

tan2 x = 1
tan x = ±1
tan x = 1  or  tan x = −1

x = 45° ± 360°n
225° ± 360°n

⎧
⎨
⎩⎪

  or  x = −45° ± 360°n
135° ± 360°n

⎧
⎨
⎩⎪

x ∈ −45°{ }

  sin2 A− 2sin 3A+π( ) = −cos2 A

  

sin2 A+ cos2 A− 2sin 3A+π( ) = 1− 2sin 3A+π( ) = 0

sin 3A+π( ) = 1
2

3A+π =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

3A =

−5π
6

± 2πn

−π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

A =

−5π
18

± 2π
3

n

−π
18

± 2π
3

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

A∈

19π
18

,  
23π
18

,  
31π
18

,  

35π
18

,  
43π
18

,  
47π
18

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪



 

   62 

19.  

 

 

21. 
 

 

 
 

  sec2 x − 4( ) + sin3x = 1+ tan2 x − 4( )

  

sec2 x − 4( ) + sin3x = sec2 x − 4( )
sec2 x − 4( ) + sin3x = sec2 x − 4( )
sin3x = 0

3x = 0 ± 2πn
π ± 2πn

⎧
⎨
⎪

⎩⎪
= 0 ±πn{

x =
0 ± 2π

3
n

π
3
± 2π

3
n

⎧

⎨
⎪⎪

⎩
⎪
⎪

= 0 ± 2π
3

n
⎧
⎨
⎩

x ∈ ± π
3

,  0
⎧
⎨
⎩

⎫
⎬
⎭

  
csc2x + 1

sin xcos x
= 6

  

1
sin2x

+ 1
sin xcos x

= 1
sin2x

+ 2
2sin xcos x

= 1
2sin xcos x

+ 2
2sin xcos x

= 3
2sin xcos x

= 6

1
2sin xcos x

= 2

1
sin2x

= 2

sin2x = 1
2

2x =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x =

π
12

±πn

5π
12

±πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x ∈ π
12

,  
5π
12

⎧
⎨
⎩

⎫
⎬
⎭
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23.  

 

 
 
25. 

 

 

 

 
 
 
 
  

  

1− tan2 x
2tan x

+ cos2 x − sin2 x
2sin xcos x

= 1

  

cot 2x + cos2x
sin2x

= 1

cot 2x + cot 2x = 1
2cot 2x = 1

cot 2x = 1
2

tan2x = 2

2x = 1.107 ± 2πn
4.289 ± 2πn

⎧
⎨
⎪

⎩⎪
= 1.107 ±πn{

x = 0.554 ± 2πn
2.124 ± 2πn

⎧
⎨
⎪

⎩⎪
= 0.554 ±πn{

x ∈ 0.554,  2.125,  3.696,  5.266{ }

  4tan x + 3 = tan x

  

3tan x + 3 = 0

tan x = − 3
3

x =
− π

6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= − π
6
±πn

⎧
⎨
⎩

x ∈ 5π
6

,  11π
6

⎧
⎨
⎩

⎫
⎬
⎭
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27.  

 

 

 
29.  

  

 

  

  
cos2 x − sin2 x( )2

− 2sin xcos x( )2
= 0

  

cos2x( )2
− sin2x( )2

= 0

cos 2 2x( )⎡⎣ ⎤⎦ = 0

cos 4x( ) = 0

4x =

π
2
± 2πn

− π
2
± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= ± π
2
± 2πn

⎧
⎨
⎩

x =

π
8
± π

2
n

− π
8
± π

2
n

⎧

⎨
⎪⎪

⎩
⎪
⎪

= ± π
8
± π

2
n

⎧
⎨
⎩

x ∈

±15π
8

,  
±13π

8
,  
±11π

8
,  
±9π

8
,

±7π
8

,  
±5π

8
,  
±3π

8
,  
±π
8

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

 2csc2θ +5cotθ = 0

 

2 1+ cot2θ( ) +5cotθ = 0

2+ 2cot2θ +5cotθ = 0

2cot2θ +5cotθ + 2 = 0

2cotθ +1( ) cotθ + 2( ) = 0

cotθ = − 1
2

  or  cotθ = −2

tanθ = −2  or  tanθ = − 1
2

  

θ = −63.435° ± 360°n
116.565° ± 360°n

⎧
⎨
⎪

⎩⎪
  or  θ = −25.565° ± 360°n

153.435° ± 360°n
⎧
⎨
⎪

⎩⎪
θ = −63.435° ±180°n{   or  θ = −25.565° ±180°n{
θ ∈ −63.435°,  − 26.565°,  116.525°,  153.435°{ }
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31.  

 

33.  

 

 
  

  tan3x + tan x = tan3x tan x −1

  

tan3x + tan x = − 1− tan3x tan x( )
tan3x + tan x

1− tan3x tan x
=
− 1− tan3x tan x( )

1− tan3x tan x
tan3x + tan x

1− tan3x tan x
= −1

tan4x = −1

4x =
− π

4
± 2πn

3π
4

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= π
4
±πn

⎧
⎨
⎩

x =
− π

16
± π

2
n

3π
16

± π
2

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

= π
16

± π
4

n
⎧
⎨
⎩

x ∈ 3π
16

,  7π
16

,  11π
16

,  15π
16

,  19π
16

, 23π
16

,  27π
16

,  31π
16

⎧
⎨
⎩

⎫
⎬
⎭

 sinθ = sin2θ

  

sinθ = 2sinθ cosθ
sinθ − 2sinθ cosθ = 0

sinθ 1− 2cosθ( ) = 0

sinθ = 0  or  1− 2cosθ = 0

sinθ = 0  or  cosθ = 1
2

θ = 0° ± 360°n
180° ± 360°n

⎧
⎨
⎩⎪

  or  θ = 60° ± 360°n
−60° ± 360°n

⎧
⎨
⎩⎪

θ ∈ ±60°,  0°,  180°{ }
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35.    

 
 

 

 
 

  
sec 3x − π

4
⎛
⎝⎜

⎞
⎠⎟
= 2+ 2sec 3x − π

4
⎛
⎝⎜

⎞
⎠⎟

  

−sec 3x − π
4

⎛
⎝⎜

⎞
⎠⎟
= 2

sec 3x − π
4

⎛
⎝⎜

⎞
⎠⎟
= −2

cos 3x − π
4

⎛
⎝⎜

⎞
⎠⎟
= − 1

2

  

3x − π
4
=

2π
3

± 2πn

− 2π
3

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 or  = 2π
3

±πn
⎧
⎨
⎩

  

3x =

11π
12

± 2πn

−5π
12

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

x =

11π
36

± 2π
3

n

−5π
36

± 2π
3

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

x ∈ 11π
36

,  35π
36

,  59π
36

,  19π
36

, 43π
36

,  67π
36

⎧
⎨
⎩

⎫
⎬
⎭
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37.   

 

No solutions 
 
 
3-6 Multiple Choice Homework 

1. C 

 

 

  
2cos2 1

2
x

⎛
⎝⎜

⎞
⎠⎟
− 2 = 2cos x

   

2
1
2

1+ cos x( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2

− 2 = 2cos x

2 i
1
2

1+ cos x( )− 2 = 2cos x

1+ cos x − 2 = 2cos x
−cos x = 1
cos x = −1

x = π ± 2πn
−π ± 2πn

⎧
⎨
⎪

⎩⎪
 or  = π ± 2πn{

  

If  0 ≤ 2x ≤ π
2
⇒ 0 ≤ x ≤ π

4
2sin2x = 3cos2x
2sin2x
cos2x

= 3cos2x
cos2x

2tan2x = 3

tan2x = 3
2

2x = 0.983± 2πn
4.125± 2πn

⎧
⎨
⎪

⎩⎪
= 0.983±πn{

x = 0.491±πn
2.062 ± 2πn

⎧
⎨
⎪

⎩⎪
= 0.491± π

2
n

⎧
⎨
⎩

x = 0.491
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3.   C 

 

 
  

sin15x + cos15x = 0
sin15x = −cos15x
sin15x
cos15x

= −cos15x
cos15x

tan15x = −1

15x =
− π

4
± 2πn

3π
4

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

= − π
4
±πn

⎧
⎨
⎩

x =
− π

60
± π

15
n

π
20

± π
15

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

= − π
60

± π
15

n
⎧
⎨
⎩

x = 3π
60

,
7π
60

,
11π
60

3π
60

+ 7π
60

+ 11π
60

= 21π
60

= 7π
20
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5.   A 
only when or . 

 
Let’s look at the case when  

 . 

 

This answer is not one of our options so we must look at the case when 
. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 cscθ = cosθ   cscθ = ±1  cosθ = ±1

 cscθ = cosθ = 1

  

csc 2x + 30°( ) = 1 and cos 3y −15°( ) = 1

2x + 30° = 90° and 3y −15° = 0°
x = 30° and y = 5°
x + y = 35°

 cscθ = cosθ = −1

  

csc 2x + 30°( ) = −1 and cos 3y −15°( ) = −1

2x + 30° = 270° and 3y −15° = 180°
x = 120° and y = 65°
x + y = 185°
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Trigonometric Identities Practice Test Answer Key 

 
Page 1 

 

 
1. 

 
 

 

2.     
 

 

3. 
 

 
4. 

   
 

 
  

  

270° ≤ A ≤ 360°⇒135° ≤ 1
2

A ≤180°⇒ 1
2

A in QII

90° ≤ B ≤180°⇒ 45° ≤ 1
2

B ≤ 90°⇒ 1
2

B in QI

−180° ≤ C ≤ −90°⇒−90° ≤ 1
2

C ≤ −45°⇒ 1
2

C  in QIV

  sin A− B( ) = sin Acos B − cos Asin B
 
= − 4

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
− 3

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= 33

65

  cos2A = 1− 2sin2 A
 
= 1− 2 − 4

5
⎛
⎝⎜

⎞
⎠⎟

2

= −7
25

  
tan

1
2

C = 1− cosC
sinC

 

=
1− −24

25
⎛
⎝⎜

⎞
⎠⎟

− 7
25

= −7

  sin A+ B( ) = sin Acos B + cos Asin B

  
= − 4

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
+ 3

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= 63

65
⇒ csc A+ B( ) = 65

63
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5.     
 

 

6.  
 

 

7.  

   

 

    

 

  

  
tan2B = 2tan B

1− tan2 B

 

=
2 −5

12
⎛
⎝⎜

⎞
⎠⎟

1− −5
12

⎛
⎝⎜

⎞
⎠⎟

2 = −120
119

  
cos

1
2

A⎛
⎝⎜

⎞
⎠⎟
= − 1

2
1+ cos A( )

 
= − 1

2
1+ 3

5
⎛
⎝⎜

⎞
⎠⎟
= − 4

5
= − 2

5

  
tan

1
2

x + cot
1
2

x

  

=
sin

1
2

x

cos
1
2

x
+

cos
1
2

x

sin
1
2

x

=
sin2 1

2
x + cos2 1

2
x

sin
1
2

xcos
1
2

x

= 1

sin
1
2

xcos
1
2

x

= csc
1
2

xsec
1
2

x
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8.   

 

 
9.   

 

 

 
 
 
 
 

  

1+ tan2 x
1− tan2 x

 

=
1+ sin

2 x
cos2 x

1− sin
2 x

cos2 x

=
1+ sin

2 x
cos2 x

1− sin
2 x

cos2 x

i
cos2 x
cos2 x

= cos
2 x + sin2 x

cos2 x − sin2 x

= 1
cos2 x − sin2 x

= 1
cos2x

= sec2x

  sin
2 2x − sin2x − 2 = 0

  

sin2x +1( ) sin2x − 2( ) = 0

sin2x = −1  or  sin2x = 2

2x = 3π
2

± 2πn
⎧
⎨
⎩

 or  no solution

x = 3π
4

±πn
⎧
⎨
⎩

x ∈ 3π
4

,  − π
4

⎧
⎨
⎩

⎫
⎬
⎭
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10.    

 

 

  −cos2 x = sin2 x − 2sin 3x +π( )

  

2sin 3x +π( ) = sin2 x + cos2 x

2sin 3x +π( ) = 1

sin 3x +π( ) = 1
2

3x +π =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

3x =

−5π
6

± 2πn

−π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x =

−5π
18

± 2π
3

n

−π
18

± 2π
3

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x ∈ 7π
18

,  
11π
18

,  
19π
18

,  
23π
18

,  
31π
18

,  
35π
18

⎧
⎨
⎩

⎫
⎬
⎭
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Page 2
 

 

 

1.   

 

2.     
 

 

3. 
 

 
4.

 

 
   

 
 

5.     
 

  

270° ≤ A ≤ 360°⇒135° ≤ 1
2

A ≤180°⇒ 1
2

A in QII

90° ≤ B ≤180°⇒ 45° ≤ 1
2

B ≤ 90°⇒ 1
2

B in QI

−180° ≤ C ≤ −90°⇒−90° ≤ 1
2

C ≤ −45°⇒ 1
2

C  in QIV

  cos A− B( ) = cos Acos B + sin Asin B
 
= 3

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
+ −4

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= −56

65

  sin2A = 2sin Acos A
 
= 2 −4

5
⎛
⎝⎜

⎞
⎠⎟

3
5

⎛
⎝⎜

⎞
⎠⎟
= −24

25

  
cot

1
2

C⎛
⎝⎜

⎞
⎠⎟
= sinC

1− cosC

 

=

−7
25

1− −24
25

⎛
⎝⎜

⎞
⎠⎟

= − 7
73

  cos A+ B( ) = cos Acos B − sin Asin B

  
= 3

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
− −4

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= −16

65
⇒ sec A+ B( ) = − 65

16

  
cot 2B = 1− tan2 B

2tan B

  

= 1− tan2 B
2tan B

=
1− −5

12
⎛
⎝⎜

⎞
⎠⎟

2

2 −5
12

⎛
⎝⎜

⎞
⎠⎟

= −119
120
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6.  
 

 

7.  

    

 

    

 

 

8.   

  
sin

1
2

A⎛
⎝⎜

⎞
⎠⎟
= 1

2
1− cos A( )

 
= 1

2
1− 3

5
⎛
⎝⎜

⎞
⎠⎟
= 1

5
= 1

5

  

2tan 1
2

x

1+ tan2 1
2

x

   

=
2tan

1
2

x

sec2 1
2

x

=
2sin

1
2

x

cos
1
2

xsec2 1
2

x

=
2sin

1
2

x

cos
1
2

xsec
1
2

xsec
1
2

x

=
2sin

1
2

x

sec
1
2

x

= 2sin
1
2

xcos
1
2

x

= 2sin 2 i
1
2

x
⎛
⎝⎜

⎞
⎠⎟

= sin x

 

1− tan2 β
1+ tan2 β
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9.   

 

 

 
 
 
 
 
 
10.    

 

=
1− sin

2 β
cos2 β

1+ sin
2 β

cos2 β

=

cos2 β − sin2 β
cos2 β

cos2 β + sin2 β
cos2 β

=

cos2 β − sin2 β
cos2 β

cos2 β + sin2 β
cos2 β

i
cos2 β
cos2 β

= cos2 β − sin2 β
= cos2β

  sin
2 2x − sin2x − 2 = 0

  

sin2x +1( ) sin2x − 2( ) = 0

sin2x = −1  or  sin2x = 2

2x = 3π
2

± 2πn
⎧
⎨
⎩

 or  no solution

x = 3π
4

±πn
⎧
⎨
⎩

x ∈ − 5π
4

,  − 9π
4

⎧
⎨
⎩

⎫
⎬
⎭

  −cos2 x = sin2 x − 2sin 3x +π( )
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2sin 3x +π( ) = sin2 x + cos2 x

2sin 3x +π( ) = 1

sin 3x +π( ) = 1
2

3x +π =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

3x =

−5π
6

± 2πn

−π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x =

−5π
18

± 2π
3

n

−π
18

± 2π
3

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x ∈
− π

18
,  − 5π

18
,  − 13π

18
,

−17π
18

,  − 25π
18

,  − 29π
18

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪
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Page 3 

 

 

1.   

 

2.     
 

 

3. 
 

 
4.  

 
   

 
 

5.      
 

  

270° ≤ A ≤ 360°⇒135° ≤ 1
2

A ≤180°⇒ 1
2

A in QII

90° ≤ B ≤180°⇒ 45° ≤ 1
2

B ≤ 90°⇒ 1
2

B in QI

−180° ≤ C ≤ −90°⇒−90° ≤ 1
2

C ≤ −45°⇒ 1
2

C  in QIV

  sin A+ B( ) = sin Acos B + cos Asin B
 
= − 4

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
+ 3

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= 63

65

  cos2A = 1− 2sin2 A
  
= 1− 2 − 4

5
⎛
⎝⎜

⎞
⎠⎟

2

= −7
25

⇒ sec2A = − 25
7

  
tan

1
2

B⎛
⎝⎜

⎞
⎠⎟
= sin B

1+ cos B

 

=

5
13

1+ −12
13

⎛
⎝⎜

⎞
⎠⎟

= 5

  sin A− B( ) = sin Acos B − cos Asin B

  
= − 4

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
− 3

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= 33

65
⇒ csc A− B( ) = 65

33

  
tan2A = 2tan A

1− tan2 A

 

=
2 −4

3
⎛
⎝⎜

⎞
⎠⎟

1− −4
3

⎛
⎝⎜

⎞
⎠⎟

2 = 24
7
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6.  
 

 

7.  
 

 

  
8.  

 

 

 

  
cos

1
2

C⎛
⎝⎜

⎞
⎠⎟
= 1

2
1+ cosC( )

 
= 1

2
1+ −24

25
⎛
⎝⎜

⎞
⎠⎟
= 1

50
= 1

5 2

  
tan

1
2

x + cot
1
2

x

  

= sin x
1+ cos x

+ 1+ cos x
sin x

=
sin x( ) sin x( ) + 1+ cos x( ) 1+ cos x( )

sin x 1+ cos x( )
= sin2 x +1+ 2cos x + cos2 x

sin x 1+ cos x( )
= 2+ 2cos x

sin x 1+ cos x( )
=

2 1+ cos x( )
sin x 1+ cos x( )

= 2
sin x

= 2csc x

 1+ tanδ( ) tan2δ( )

 

= 1+ tanδ( ) 2tanδ
1− tan2 δ

⎛
⎝⎜

⎞
⎠⎟

=
2tanδ 1+ tanδ( )

1− tanδ( ) 1+ tanδ( )
= 2tanδ

1− tanδ
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9.   

 

 

 
10.    

  

 
 
 

  sin
2 2x − sin2x − 2 = 0

  

sin2x +1( ) sin2x − 2( ) = 0

sin2x = −1  or  sin2x = 2

2x = 3π
2

± 2πn
⎧
⎨
⎩

 or  no solution

x = 3π
4

±πn
⎧
⎨
⎩

x ∈ − 5π
4

,  − π
4

⎧
⎨
⎩

⎫
⎬
⎭

  −cos2 x = sin2 x − 2sin 3x +π( )

  

2sin 3x +π( ) = sin2 x + cos2 x

2sin 3x +π( ) = 1

sin 3x +π( ) = 1
2

3x +π =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

3x =

−5π
6

± 2πn

−π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x =

−5π
18

± 2π
3

n

−π
18

± 2π
3

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x ∈ − 25π
18

,  − 29π
18

,  − 37π
18

,  − 41π
18

,  − 49π
18

,  − 53π
18

⎧
⎨
⎩

⎫
⎬
⎭
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Page 4 

  

 

 

1.    
  

 
 

2.     
 

 
 

3.   

 
4.  

 
    

  

270° ≤ A ≤ 360°⇒135° ≤ 1
2

A ≤180°⇒ 1
2

A in QII

90° ≤ B ≤180°⇒ 45° ≤ 1
2

B ≤ 90°⇒ 1
2

B in QI

−180° ≤ C ≤ −90°⇒−90° ≤ 1
2

C ≤ −45°⇒ 1
2

C  in QIV

  cos A+ B( ) = cos Acos B − sin Asin B
 
= 3

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
− −4

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= −16

65

  sin2A = 2sin Acos A
  
= 2 −4

5
⎛
⎝⎜

⎞
⎠⎟

3
5

⎛
⎝⎜

⎞
⎠⎟
= − 24

25
⇒ csc2A = − 25

24

  
cot

1
2

B⎛
⎝⎜

⎞
⎠⎟
= 1+ cos B

sin B
 

=
1+ −12

13
⎛
⎝⎜

⎞
⎠⎟

5
13

= 1
5

  cos A− B( ) = cos Acos B + sin Asin B

  
= 3

5
⎛
⎝⎜

⎞
⎠⎟

−12
13

⎛
⎝⎜

⎞
⎠⎟
+ −4

5
⎛
⎝⎜

⎞
⎠⎟

5
13

⎛
⎝⎜

⎞
⎠⎟
= − 56

65
⇒ sec A− B( ) = − 65

56
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5.     
 

 

6.  
 

 

7.   

 

8.  

 

 
 
  

  
cot 2A = 1− tan2 A

2tan A

  

= 1− tan2 A
2tan A

=
1− −4

3
⎛
⎝⎜

⎞
⎠⎟

2

2 −4
3

⎛
⎝⎜

⎞
⎠⎟

= 7
24

  
sin

1
2

C⎛
⎝⎜

⎞
⎠⎟
= − 1

2
1− cosC( )

 
= − 1

2
1− −24

25
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
= − 49

50
= − 7

5 2

  

sin A+ B( ) + sin A− B( )
sin A+ B( ) − sin A− B( )

   

= sin Acos B + cos Asin B + sin Acos B − cos Asin B
sin Acos B + cos Asin B − sin Acos B + cos Asin B

= 2sin Acos B
2cos Asin B

= sin A
cos A

i
cos B
sin B

= tan Acot B

  cos a + b( )cosb + sin a + b( )sin b

  

= cosb cosacosb− sin asinb⎡⎣ ⎤⎦ + sinb sin acosb+ cosasinb⎡⎣ ⎤⎦
= cosacos2 b− sin asinbcosb+ sin asinbcosb+ cosasin2 b

  

= cosa cos2 b+ sin2 b( )
= cosa
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9.   

  

   
 
10.   

 

  sin
2 2x − sin2x − 2 = 0

  

sin2x +1( ) sin2x − 2( ) = 0

sin2x = −1  or  sin2x = 2

2x = 3π
2

± 2πn
⎧
⎨
⎩

 or  no solution

x = 3π
4

±πn
⎧
⎨
⎩

x ∈ 3π
4

,  
7π
4

⎧
⎨
⎩

⎫
⎬
⎭

  −cos2 x = sin2 x − 2sin 3x +π( )

  

2sin 3x +π( ) = sin2 x + cos2 x

2sin 3x +π( ) = 1

sin 3x +π( ) = 1
2

3x +π =

π
6
± 2πn

5π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

3x =

−5π
6

± 2πn

−π
6

± 2πn

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x =

−5π
18

± 2π
3

n

−π
18

± 2π
3

n

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

x ∈ 7π
18

,  
11π
18

,  − π
18

,  − 5π
18

,  − 13π
18

,  − 17π
18

⎧
⎨
⎩

⎫
⎬
⎭
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