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x = 5

f ′ x( )= d
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⎤
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x+ 3( ) −1( )− −x−1( ) 1( )

x+ 3( )2
= −4
x+ 3( )2

dy
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= 0⇒−4 = 0
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y = x2 − 2x− 3
x3 − 3x2 + x− 3 x ∈ −4,∞⎡⎣ )

y = x2 − 2x− 3
x3 − 3x2 + x− 3 =

x+1( ) x− 3( )
x2 x− 3( )+ x− 3( ) =

x+1( ) x− 3( )
x2 +1( ) x− 3( )

≈ x+1
x2 +1

x ≠ 3
x ∈ −4,∞⎡⎣ ) x∈ −4, 3⎡⎣ )∪ 3, ∞( )

−1, 0( )  3, .4( ) 0, 1( )

y = 0

dy
dx =

d
dx

x2 − 2x− 3
x3 − 3x2 + x− 3
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⎣
⎢
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⎤

⎦
⎥
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= d
dx

x+1
x2 +1

⎡
⎣⎢

⎤
⎦⎥
=
x2 +1( ) 1( )− x+1( ) 2x( )

x2 +1( )
dy
dx

= x
2 +1− 2x2 − 2x

x2 +1( ) = −x2 − 2x+1
x2 +1( )

dy
dx

= 0⇒−x2 − 2x+1= 0

x =
2± 22 − 4 −1( ) 1( )

2 −1( ) = −2.414
0.414

⎧
⎨
⎪

⎩⎪

dy
dx

= dne⇒ x2 +1= 0⇒ no solution

x = −4



!)(! #

!

=^&('E'!;-,.&3*! !

!

+$.K'*! !

!

B>6! <.'!%-33,Q/'!'b1$&,-.!,3!
!

BC6! <.'!%-33,Q/'!'b1$&,-.!,3! !

Z'2&,-.!) 4d!T1/&,%/'!"#-,2' !
!
56! !

−4, −0.177( ),  −2.414, −0.207( ),  0.414, 1.207( )  

1

–5 5

y∈ −0.207,1.207⎡⎣ ⎤⎦

  

y = −x
x 3x −1( )

  

y =
2 x +1( ) x +5( )

x −1( )

2 10x xy+ =



!)() #

! !

! M9O!,3!&#'!2-(('2&!('3%-.3'!
!

>6! !

! !

!
! M9O!,3!&#'!2-(('2&!('3%-.3'!
!

( )( ) ( )( )

2

2

2

2

2 2

2

2

2

10
10

2 10 1

2 10

10

7
2 2

xy x
xy
x
x x xdy

dx x
dy x x
dx x
dy x
dx x
dy
dx
x

= -

-
=

- - -
=

- - +
=

- -
=

= -
=

1
xy
x

=
+

  

′f x( ) = x +1( ) 1( )− x 1( )
x +1( )2

′f x( ) = 1

x +1( )2

′f x( ) = x +1( )−2

′′f x( ) = −2 x +1( )−3
1( )

′′f x( ) = −2

x +1( )3

′′f 0( ) = −2



!)(* #

C6! G#'!'.A!Q'#$W,-(!-H! ,3!&#'!3$E'!$3! :!S#,2#!,3!

H-1.A!QL!$.$/L3,3!-H!&#'!#,K#'3&!%-S'(3!,.!&#'!.1E'($&-(!$.A!A'.-E,.$&-(6!! :!

3-!&#'!/,E,&!('%('3'.&3!$.!`9!$&! 6!

! MFO!,3!&#'!2-(('2&!('3%-.3'!
!
!

!
!
!

!
! !

  
y = 3− x − x2

4x2 + x −1   
lim

x→±∞

3− x − x2

4x2 + x −1
n m=

1
4

y = -



!)(+ #

Z'2&,-.!) 4) *!!Z,K.!;$&&'(.3!$.A!+$&,-.$/!01.2&,-.3!
!
Z'2&,-.!) 4)!0(''!+'3%-.3' !
!
!

56! !

!

!
M,O!! !
! !

M,,O!! !
! !
M,,,O!F-E$,.!=.A%-,.&3*!!.-.'!
!
"83*!! !
!

! !

!
! T,.!$&! :!E$^!$&! :! !$('!FD=3!-H!&#'!H1.2&,-.!$3!S'//!$3!-H!
&#'!A'(,W$&,W':!3-!.',&#'(!E$^!.-(!E,.6!
!
! !

2
5
9

xy
x
-

=
-

( )( ) ( )( )
( )

( )

( )
( )( )

( ) ( )

2

22

2 2

22

2

22

2 2

9 1 5 2

9

9 2 10
9

10 9
9

9 1
3 3

x x x
y

x

x x xy
x

x xy
x

x x
y

x x

- - -
¢ =

-

- - +¢ =
-

- + -¢ =
-

- - -
¢ =

- +

( )( )9 1 0x x- - - =
9, 1x =

( ) ( )2 23 3 0x x- + =
3x = ±

 9,  1,  3,  3x = -

    DNE    0  0
    3 1 3 9

DNEy
x

- - + + -
-

¢
¬¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾®

1x = 9x = 3x = ±
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>6! !

! !

! M,O!! !
! ! !

! M,,O!! !

! ! !

! M,,,O!!F-E$,.!=.A%-,.&3*!!.-.'!
!

! "83*!! !

!

! !

!

! T,.!$&! :!E$^!$&! 6!! !,3!$!FD=!Q-&#!-H!&#'!A'(,W$&,W'!

$.A!&#'!H1.2&,-.:!3-!.',&#'(!E$^!.-(!E,.6!
!
!
! !

2 1
1 3
xy

x
+

=
-
( )( ) ( )( )

( )

( )

( )

2

2

2 2

2

2

2

1 3 1 3 2

1 3

3 3 6 2
1 3

3 2 3
1 3

x x x
y

x

x x xy
x

x xy
x

+ - - -
¢ =

-

- - + -¢ =
-

- -¢ =
-

23 2 3 0x x- - =
 1.387, 0.721x = -

( )21 3 0x- =
1
3

x =

1 1.387,  0.721,  
3

x = -

  

′y
x

− 0 + DNE     + 0 −

  −0.721           1
3

              1.387
← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

0.721x = - 1.387x = 1
3

x =



!)($ #

C6! ! ! !

!

!

! M,O!!! !
! ! !

! M,,O! !

! ! !
! ! D-.' !
! M,,,O! F-E$,.!=.A%-,.&3!
! ! D-.' !
!
! "8*!! !

!

!
! T,.!$&! :!E$^!$&! 6!!!
!

) 6! !-.! ! !

! !

y= ! 4x
x2 + 4

dy
dx

=
x2 + 4( ) ! 4( ) ! ! 4x( ) 2x( )

x2 + 4( )2

= ! 4x2 ! 16+8x

x2 + 4( )2

= 4x2 ! 16

x2 + 4( )2

  4x2 ! 16= 0
  x = ±2

  
x2 + 4( )2

= 0

  x
2 + 4 = 0

  x = ±2

  

′y
x

− 0 +     0 −
−2     2← →⎯⎯⎯⎯⎯⎯

  x = −2   x = 2

y= x2 ! 1
x3 +1

x∈ −2, 3[ ]

y= x2 ! 1
x3 +1

=
x! 1( ) x+1( )

x+1( ) x2 ! x+1( )
" x! 1

x2 ! x+1



!)(%#

!

!

! M,O!!! !
! ! !

! M,,O! !
! ! D-.' !
! M,,,O! F-E$,.!=.A%-,.&3!
! ! D-.' !

!
! "8*!! !
!

!

! T,.!$&! :!E$^!$&! 6!!!
!
!
!

I 6! !

! !

! hR#'.!,&!3&-%3*i!! !

dy
dx

=
x2 ! x+1( ) 1( ) ! x ! 1( ) 2x! 1( )

x2 ! x+1( )2

= x2 ! x+1! 2x2 + 3x! 1

x2 ! x+1( )2

= ! x2 +2x

x2 ! x+1( )2

  ! x2 + 2 = 0
  x = 0, 2

  x
2 ! x+1= 0

  x = 0, 2

  

′y
x

− 0 +     0 −
0     2← →⎯⎯⎯⎯⎯⎯

  x = 0   x = 2

( )
2 1
1

tx t
t
+

=
+

( )
( )( ) ( )( )

( )

( )
( )

( )
( )

2

2

2 2

2

2

2

1 2 1 1

1

2 2 1
1

2 1
1

t t t
v t

t

t t tv t
t

t tv t
t

+ - +
=

+

+ - -
=

+

+ -
=

+
( ) 0v t =



!)(& #

! !
! V! :!3-! !
! hR#'('!,3!,&*i! !

! :!-(!P6jBj!1.,&3!&-!&#'!(,K#&!-H!&#'!-(,K,.!
!

556! !

:!Q1&! 7#1@# #

!

:!Q1&!Q1&! 7#1@# !

!

G#'!%$(&,2/'!E-W,.K!(,K#&!S#'.! !$.A!A-S. !S#'.! :!3-!,&!,3!A-,.K!Q-&#!
S#'.! 6!!!

!
!
Z'2&,-.!) 4)!T1/&,%/'!"#-,2' !
!
56! "#'2Y!'$2#!3&$&'E'.&!

a6! ! !

!#$3!$!U'(-!$&! !$.A!$!;<=!$&! :!3-!a!,3!2-(('2&6!

aa6! !

:!3-!aa!,3!S(-.K6!

!

2 2 1 0t t+ - =
0.414, 2.414t = - 0t > 0.414t =

( )x t
( )0.414 0.828x =

x′ t( )= t
2 + 4( ) −5( )− −5t( ) 2t( )

t2 + 4( )2
=

−5t2 − 20( )+10t2
t2 + 4( )2

= 5t
2 − 20
t2 + 4( ) = 0

5t2 − 20 = 0→ t2 = 4→ t = ±2 t ≥ 0 t = 2

x′ t( )
t   2          ← →⎯⎯⎯⎯⎯⎯

 −    0     +    

y t( ) = t3 − 27t→ y′ t( ) = 3t2 − 27 = 0→ t2 = 9→ t = ±3 t ≥ 0 t = 3

y′ t( )
t          3       ← →⎯⎯⎯⎯⎯⎯

 −       0   +

t ≥ 2 t ≤ 3

  
t ∈ 2, 3( )

f x( ) = x
4 − 2x2 − 8
x− 2 =

x2 + 2( ) x2 − 4( )
x− 2

f x( ) −2, 0( ) x = 2

f x( ) =
x2 + 2( ) x2 − 4( )

x− 2 ≈ x3 − 2x2 + 2x− 4

f ′ x( ) = 3x2 − 4x2 + 2 = 0→ x ≠ 2



!)(' #

aaa!,3!S(-.K!Q'2$13'!,&!#$3!&#'!S(-.K!U'(-36!

<./L!a!,3!&(1':!&#'('H-(':!&#'!2-(('2&!$.3S'(&!,3!9!

!

>6!! "#'2Y!'$2#!3&$&'E'.&!

a6! ! :!3-!a!,3!H$/3'6!

aa6! :!3-!aa!,3!S(-.K6!

!

aaa!E13&!Q'!&(1'!Q'2$13'!a!$.A!aa!$('!H$/3'6!

G#'('H-(':!&#'!2-(('2&!$.3S'(!,3!" !

!

C6! G#'!.1E'($&-(!-H! #$3!$!#,K#'(!A'K(''!&#$.!&#'!A'.-E,.$&-(:!

&#'('H-('!&#'('!,3!.-&!#-(,U-.&$/!$3LE%&-&'6!!Z&$&'E'.&!AO!,3!H$/3'6!!!

F !,3!&#'!2-(('2&!$.3S'(!

!
+$&,-.$/!01.2&,-.3!;($2&,2'!G'3&!<AA!Z-/1&,-.3!

T1/&,%/'!"#-,2' !

56! 9.!'b1$&,-.!-H!&#'!/,.'!.-(E$/!&-!&#'!K($%#!-H! !$&! !,3!

!

!

" ! ! !

!

f 1( ) = 1( )+ 4( )3 1( )− 2( )2
1( )4 +1( ) = 1252

f ' 0( )= 4( )3 −2( )2
1( ) > 0

g x( ) = x − 3( )2
x − 7

y = 2x + 33x − 2
1, 5( )



!)!( #

>6!!!! 9.!'b1$&,-.!-H!&#'!/,.'!&$.K'.&!&-!&#'!21(W'! !$&! !,3! 6!!

R#$&!,3!&#'!W$/1'!-H!, k!

!

F ! ! !

!

C6!!!! l'&! !Q'!$!A,HH'('.&,$Q/'!H1.2&,-.6!!G#'!&$Q/'!Q'/-S!K,W'3!&#'!W$/1'!-H!

!$.A! :!$&!3'W'($/!W$/1'3!-H!! 6!!aH! :!S#$&!,3!&#'!W$/1'!-H! k!

 

! 5! B! >! @!

! ->! -j ! -I ! P!

!
-C! -@! >! 5d!

!

" !

!

)6! Z1%%-3'! 6!!R#,2#!-H!&#'!H-//-S,.K!3&$&'E'.&3!E13&!Q'!

&(1'k!

a6! ! G#'!3/-%'!-H!&#'!/,.'!&$.K'.&!&-! !$&! !,3!>d6!

aa6!! !,3!,.2('$3,.K!-.! !

aaa6!! !#$3!$!E,.,E1E!$&! !

!

$O! !a!-./L! QO!!aa!-./L! 2O!!aaa!-./L! AO!!a!$.A!aa!-./L! 'O!!a:!aa!$.A!aaa!

y = kx+ 8k + x
x = −2 y = x+ 4

f x( )
f x( ) f ′ x( ) g x( ) = 1

f x( ) g′ 2( )

x

f x( )

f ′ x( )

  

f ' x( ) = x +1( )3 x − 4( )2
x4 +1( )

 
y = f x( )   x =1

 
f x( )   

x ∈ 1, 4( )

 
f x( )   x = 4



!)!! #

!

F ! ! !

!

I6! 9!%$(&,2/'!E-W'3!$/-.K!&#'!! _$^,3!$&!&#$&!,&3!%-3,&,-.!$&!$.L!&,E'!!,3!

K,W'.!QL! 6!!!G#'!%$(&,2/'!,3!$&!('3&!$&!!

F ! !

!

0(''!+'3%-.3' !

56! !

7'(-* ! :!Q1&! !,3!,.!&#'!A'.-E,.$&-(!$3!S'//6!!

G#'('H-(':!&#'!-./L!U'(-!,3! 6!

89* ! 7#Q1&! !,3!,.!&#'!.1E'($&-(!$3!S'//6!!

G#'('H-(':!&#'('!$('!.-!W'(&,2$/!$3LE%&-&'36!

;<=* ! !,3!$!H$2&-(!,.!&#'!.1E'($&-(!$.A!A'.-E,.$&-(:!3-!&#'('!,3!$!

;<=!$&! 6!! !!G#'('H-(':!&#'!;<=!,3

6!

>6! !

!

!

!

t ≥ 0
x t( ) = t

4 + t2
t =

y = 4x2 −16x
x3 − 4x2 + x− 4 =

4x x− 4( )
x2 x− 4( )+ x− 4( ) =

4x x− 4( )
x2 +1( ) x− 4( )

4x x− 4( )= 0→ x = 0, 4 x − 4( )
0,  0( )

x2 +1( ) x− 4( )= 0 x − 4( )

x − 4( )
x = 4 y ≈ 4x

x2 +1→ y 4( )= 4 4( )
4( )2 +1

= 1617

4,  16
17

⎛
⎝⎜

⎞
⎠⎟

y = 2x
2 − x−3

3+ 2x− x2
=
2x − 3( ) x +1( )
1+ x( ) 3− x( ) ≈ 2x−33− x

y 0( )= 2 0( )−3
3− 0( ) = −1

dy
dx

= d
dx

2x−3
3− x

⎡

⎣
⎢

⎤

⎦
⎥ =

3− x( ) 2( )− 2x−3( ) −1( )
3− x( )2

= 3
3− x( )2



!)!) #

!!

G$.K'.&*! !

D-(E$/*! Z$E'!$3!&$.K'.&!/,.':!Q1&!S,&#!$!.'K$&,W'!('2,%(-2$/!3/-%'*!!
!

!

C6! !

#O! !

!

##O! V!!Q1&! !$('!&#'!W'(&,2$/!

$3LE%&-&'3:!3-!&#'L!2$..-&!Q'!'^&('E'!%-,.&36!!

###O! V!!Q1&! !$('!&#'!W'(&,2$/!$3LE%&-&'3:!3-!&#'L!2$..-&!Q'!
'^&('E'!%-,.&36!!

V!! !

G#'!=^&('E'!%-,.&3!$('! !$.A! 6!

) 6! X'2$13'!-H!&#'!U'(-:! !E13&!Q'!$!H$2&-(!-H!&#'!.1E'($&-(6!!X'2$13'!-H!

&#'!W'(&,2$/!$3LE%&-&':! !E13&!Q'!$!H$2&-(!-H!&#'!A'.-E,.$&-(6!!X'2$13'!-H!&#'!

;<=:! !E13&!Q'!$!H$2&-(!-H!&#'!.1E'($&-(!$.A!&#'!A'.-E,.$&-(6!!X'2$13'!-H!

m 0( )= 3

3− 0( )( )2
= 13

y +1= 1
3
x − 0( )

y +1= −3 x − 0( )

dy
dx

= d
dx
16− x2
x2 − 25

⎡

⎣
⎢

⎤

⎦
⎥ =

x2 − 25( ) −2x( )− 16− x2( ) 2x( )
x2 − 25( )2

= −18x
x2 − 25( )2

dy
dx

= 0→−18x = 0→ x = 0

y 0( )= 16− 0( )2
0( )2 − 25

= −1625→ 0,  − 16
25

⎛
⎝⎜

⎞
⎠⎟

dy
dx

= dne→ x2 − 25= 0→ x = ±5 x = ±5

x = ±4 x = ±5

y −4( )= 16− −4( )2
−4( )2 − 25

= 0→ −4,  0( ) y 4( )= 16− 4( )2
4( )2 − 25

= 0→ 4,  0( )

±4,  0( ) 0,  − 16
25

⎛
⎝⎜

⎞
⎠⎟

x+ 2( )
x− 4( )

x+ 3( )



!)!* #

&#'!#-(,U-.&$/!$3LE%&-&':!&#'!A'K(''3!-H!&#'!.1E'($&-(!$.A!A'.-E,.$&-(!E13&!Q'!

'b1$/!$.A! 6!!G#'('H-(':!&#'!'$3,'3&!3-/1&,-.!,3! 6!

I6! !

F-E$,.* ! G#'!A'.-E,.$&-(!2$..-&!'b1$/!U'(-:! &#'('H-(':!&#'!A-E$,.!,3!

67'(-*! ! ! !

89*! ! ! ! ! !

;<=3*!D- .':!Q'2$13'!H-(!.-!.1EQ'(!,3!&#'!.1E'($&-(!$.A!A'.-E,.$&-(!Q-&#!'b1$/!
&-!U'(-6!!!

+_,.&'(2'%&*!! !

=^&('E'!;-,.&3* ! 3''!mC!:!Q1&!S,&#-1&!&#'!A-E$,.!('3&(,2&,-.!'.A%-,.&36!

=.A!X'#$W,-(*!! G#'!A'K(''!-H!&#'!.1E'($&-(!,3!'b1$/!&-!&#'!A'.-E,.$&-(:!

&#'('H-(':!&#'('!,3!$!#-(,U-.&$/!$3LE%&-&'!$&! 6!

!

+$.K'* ! 0(-E!&#'!3Y'&2#:!! !

A
B = 37 y =

3 x + 2( ) x + 3( )
7 x − 4( ) x + 3( )

y = 16− x
2

x2 − 25
=
4− x( ) 4+ x( )
x−5( ) x+5( )

x ≠ ±5
4− x( ) 4+ x( )= 0→ ±4,  0( )

x−5( ) x+5( )= 0→ x = ±5

y 0( )= 16− 0( )2
0( )2 − 25

= −1625→ 0,  − 16
25

⎛
⎝⎜

⎞
⎠⎟

y = −1
1

= −1

y∈ −∞, −1( )∪ − 16
25
, ∞⎡

⎣⎢
⎞
⎠⎟


