Piece Wise Defined Functions Homework Answer Key

9-1 Free Response Homework

la. 4 b. 0 c. DNE d 0
3a. 400 b. —o0 C. DNE d. DNE
5. lm—2Y fm—2* 2 _

a1 ot (e 1)x=1) 2(0)

(A 1 S TP
' =2 x2—4x+4 er‘(x_z)z (0_)2

9-1 Multiple Choice Homework

1. D

The two sides of the curve connect at x = lon I and II, but not on III.

3. D

lim f(x)=—2 so L is not true.

)2
h

=2,80

lim
h—0
11 1s true.

:f’(2)=%

tim 7(x)= (-3
1=1v,
so III 1s true.
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5. A

Since the derivative is always negative, the function is decreasing except at x =2.
The graph must look something like this:

&i_rgf(x)z dne, so I is false.

lim f(x)==co, so Il is true.
lim f(x)=oo, so Il is true.
Only I 1s false.

9-2 Free Response Homework

1.  No, f (x) is not continuous.

lim f(x)# lim,_f(x)

x—=-1" x——1
Jlim ()= Jim4-x)=3
Jim, £(x)= Jim (x* +1)=2

Because lim f(x)# lim, f(x), the discontinuity is not removable.

x——1" x——1t

Also, because lim f(x)# lim_f(x), the discontinuity is a jump disconituity.
x——1" x——1*
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3. No, g(x) 1s not continuous.

g(~1)=DNE.

. ox"=4x=-5 _ . - . : D
lim —————=3; since the limit as x approaches 1 exists, the discontinuity is
x—1 X —

removable. We have a hole at x =1, a POE.

5. Yes, h(x) 1S continuous.

h(2)=4
. oxtP—-4 . (x—2)(x+2)
!clg% x—2 _!cl—rg x—2
:!Ci_r>r21(x+2)
=4
h(2)=limh(x)

x—2

7. Yes, k(x) 1S continuous.

=—6
k(3)=1limk(x)

x—3

9-2 Multiple Choice Homework

1. C

There 1s a POE at x=1, so I and II are false. The numerator and denominator
2

degrees are equal so there is a Horizontal asymptote at % = l, so I

X

3. D
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(x/x+3—x/3x+l)(x/x+3+\/3x+1)

. x+3-(3x+1)

St (x—l)(\/x+3+\/3x+l)

— lim —2x+2 — lim 2 —k

=l (x—l)(\/x+3+\/3x+l) ol (Jx+3—J3x+1)

-2 1
:——:k

(J1+3+J3+1) 2

! (x—l)(\/x+3+\/3x+1)

5. C

At x=4, x2+kx=4cos(%xj. So 42+4k=4cos(%(4)j

—16+4k=4—4k=-12—>k=-3

9-3 Free Response Homework

1. First check continuity at x =—1:
1. Does the function exists? Yes

Yes, F(-1)=0

1. Does the limit exist? Yes
lim £(x)=1=(=1)’ =0
lim+f(x) =4+4(-1)=0
g(—;_llim f(x)=0

x—-—1

iii. Does lim f(x)= f(~1)

x—-1

Second, find the derivative:
—2x, if—1<x
f(x)=
4, ifx<-1

Does the limit at -1 exist for the derivative? No:
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lim f(x)=-2(-1)=2

x——-1"

lim f(x)=4

x——1"

The two one-sided limits are not equal.
Therefore, f ( x) 1s not differentiable.

3. First check continuity at x =2:
1. Does the function exists? Yes
Yes, f(2)=-3

1. Does the limit exist? NO

lim f(x)=1-2(2)=-3
lim f(x)=3-(2)" =1

x—2"

Therefore, f (x) 1s not differentiable.

5. First check continuity at x =-2:
f(2)=-"2-2=-4
lim f(x)=-2-2=—4

x—-2"

lim f(x) =y3(=2)°+4 =

x—-2*

—4 # 4,50 f(x) is not continuous at x = 4

Therefore not differentiable.

7. First check continuity at x = 3:
f(3)=33)-7=2
lim f(x)=

x—3"

1inSq f(x)=3(3)-7=2
lim £ (x) = lim £(x) = £(3).
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So f(x) is continuous at 3.
Then check continuity of the derivative:
dy

fim f(x)=2,) _(2)=0
lim £(x)=2] (3v-7)=3
x—3" d_x =3

0+#3,s0f(x) is

not differentiable at x = 3.

9.  m=-2,k=-2
The two parts of f(x) must be equal at x =1, so
m+2=0
m=-2

, m, ifx<l1
/ (x)_{k, ifx>1
The two parts of f’(x) must be equal at x =1, so
m==k
k=-2

1. m=-1k=3
The two parts of f(x) must be equal at x =0, so
k=3
, I, ifx<0
f'(x)= {—m, ifx>0
The two parts of f’(x) must be equal at x =0, so
-m=1
m=-1

9-3 Multiple Choice Homework

1. A
The graph of the function f'is not smooth at a.

3. B
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2x—c 1fx>2
At x=2, c=4—cand
At c¢c=2and x=2, cx+d=x>-2cand 4+d=0.
c+d:2+(—4):—2

f,(x):{ c 1fx<2

5. B
' ()= f(f(0))f(x)

g (M= (F)F(D=f2)f (D=(2)(0.6)=1.2
7. B

fis continuous at x =2
9-4 Free Response Homework

1. Domain: All Reals

Zeros: None

2—x=0 2x+1=0
x(x=1)=0 X=-5
x=0,1 but x>0
but x <0

y-int: (0, 1)
y(0)=2(0)+1=1

VAs: None; there 1s no denominator
POESs: None; there is no denominator
EB: Both ends up

lim (2x+1)=c and lim (x2 —x)=c>o
X—>Hoo X 5 —oo
Extreme Point: (0, 1)
2x—1, ifx<0

2, 1fx=20
y':0=2x—1 y,:O:Z
x=.5but x<0 x=DNE

’

y:
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Endpoint of domain restriction: (0, 1)
Range: y€ (0, oo)

3. Domain: All Reals
Range: ye(—eo, —1]

Zeros: None

2x-3=0 x-2x?=0

x=15 x(1-2x)=0

butx<l  x=0,.5
but x>1

y-int: (0, -3

)
¥(0)=2(0)-3=-3

VAs: None; there 1s no denominator
POESs: None; there is no denominator
EB: Both ends down

lim (x—2x*)=—coand lim (2x-3)=—c0

X—>+oo Y — —oo

Extreme Point: (1, —1)

2, ifx<l
1-4x, if x>1

’

y:

dy

c—==0

cv I

220 1-4x=0
x=.25,but x>1

cv:  Endpoint of Domain (1, —1)
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5. Domain: All Reals

Zeros: (%1, O
x>-1=0 4-x=0
x=x1 x=4
but x < -1
y-int: (0, —1)
£(0)=0*-1

VAs: None; there 1s no denominator
POESs: None; there is no denominator
EB: Both ends up

lim (xz—l)zoo and lim (4—x)=e0

X—>+oo Y — —oo

Extreme Points: (=1, 0), (0, —1)

B 2x, ifx>-1

/x —
F(x) 4, if x<-1
dy
:—==0
cv Ir
2x=0 4#0
x=0

cv:  Endpoint of Domain (-1, 0)
Range: ye[-1, o)
Range is from the extreme value up because of the end behavior.
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7 L Ii)oélaifﬁhé&l/lieails |

2+

Zeros: (\/§, 0)

2x+1=0 3-x*=0
x=-5 x=+/3
butx<-1 butx>-1

y-int: (0, 3)
k(0)=3-0%=3

VAs: None; there 1s no denominator

POESs: None; there is no denominator

EB: Both ends down
lim (3—x?)=—cc and lim (2x+1)=—co

X—>Foo Y — —oo

Extreme Points: (0, 3), (=1, —1)

2, ifx<-1
K (x)= 1.x
2x, ifx>-1
dy
c—==0
cv I
2#0 2x=0
x=0

cv:  Endpoint of Domain (-1, —1)
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Range: ye(—eo, 3]
Range is from the extreme value down because of the end behavior.

4,if —4<x<-2
2 o <
9 G(x)= x°, if —2<x<0
4 )
G V0

Domain: x €[4, 00)is given
Range: y€[0, 4] can be seen on graph
y=0—=x*=0—x=0;

Zeros: 4 . (0, 0)
=(0 — no solution.".

4+ x*
y-int: x=0—-y=0>=0..(0, 0)
VAs: No denominator to set equal to 0, therefore, no VA
POEs: No denominator to set equal to 0, therefore, no POE

EB (Left): none because of the domain
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. . 4
EB (Right): 1 =0..y=0
(Right): lim g y

x—>00

Extreme Points: As an endpoint, (0, 0) is an extreme point. (0, 1) is not a point.

All the points where xe[—4, —2] have the same y-values, so they cannot be
considered extremes.

Discontinuities: lim f (x)=1lim

7 #lim(x?)=1lim f(x).. x=0

4+ _x x—0 x—0*
Cusp: 1£121f( );txgn% f(x).(=2,4)
x*=9x, if —4<x<-3
11. f(X)z 1, lf—3<XS3
ﬁ if 3<x<4
Domain:  xe[-4,4] is given

Zeros: y=0—x’-9x=0—>x=-3;

1=0and — 1= 0 — no solution .. (-3,0)
X
y-int: x=0—>y=1. (O, 1)
VAs: No denominator to set equal to 0, therefore, no VA
POEs: No denominator to set equal to 0, therefore, no POE
EB: None because of the domain
Extreme Points:  Endpoints are (—4, —28),(-3, 0),(3, 1),[4, %]

Discontinuities: lim f (x)# lim f (x) and lim f (x)# lim f (x) x=-3,3

Cusps: None because the function is not continuous at the values where the
domain switches equations.

Range: From the graph, y [-28,0]u [/20 /3)u{1}
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—x—=2,if —4<x<-2
13 f(x)=1 J4-x?, if —2<x<2

sinztx , if 2<x<4

\Vi

Domain: x €[—4,4] is given and there is no denominator to equal zero nor
does the domain allow for negatives under the radical.

Zeros: y=0—>—-x-2=0>x=-2; y=0—->vJ4—-x*=0—>x=12;
y=0->sintx=0—>x=2,3,4.. (i2, 0), (3, 0), (4, O)

y-int: x=0—y=v4-0=2..(0, 2)

VAs: No denominator to set equal to 0, therefore, no VA
POEs: No denominator to set equal to 0, therefore, no POE
EB: None because of the domain

Extreme Points: From the graph, (-4, 2),(+2, 0),(2.5, 1),(3.5, —1),(4, 1) can be

Secn.
Discontinuities: From the graph, none can be seen.

Cusps: l}){lzlf(x)ij}l{lzlf(x) and }Clglf(x)ihglf(x) - (£2, 0)
Range: From the graph, ye[-1,2] can be seen.

9-4 Multiple Choice Homework

l. A
L. f 1s continuous at x = -2: True because —(—2)+ 5=7= (—2)2 +3
-1, ifx<=2
I1. f is differentiable at x = 1: False because f(x)= 2x, if -2<x<1
6x>, ifl<x

And 2(1)#6(1)".
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III.  False, because 8<f(—3)<f(—2)<f(—1):4

3. A

The left piece is a semicircle; the middle is a parabola; the right is a line with
-2

m=

3

5. D

The left piece is a cubic with the endpoint included; the right is a parabola opening
up with the endpoint not include.
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Piece-wise Defined Functions Practice Test
Part 1: CALCULATOR REQUIRED

Round to 3 decimal places. Show all work.

Multiple Choice (3 pts. each)
1. Answer: B

(R
L (x—2)(\/x+—2+ 2x)

_ lim x+2—(2x)
Hz(x—2)( x+2+x/ﬂ)

= lim 2—x

2 (x—l)(\/m+ 2x)

= lim I

x=2 (\/x+ 2_+ 2x)

_—1:_le

(Va+a) 4

=k

2. Answer: B

a=s’
da , ds ,ds
@ Baa
s=1.5
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3. Answer: A

b fromBtoC
a(1000)° =1000b+ ¢, 2a(1000)=b and b =100
a(1000)” =100

a=0.0001
2(0.0001)(1000) = b

b=02

R'(x) _ { 2ax from AtoB

4. Answer: D

Plug in x=1 to both pieces of f(x), set results equal to each other because the
function is stated as continuous —

1+k-3=3+b=k=b+5

2x+k forx<l1

, set results equal to each
3 for x>1

Plug in x=1to both pieces of f’(x)= {
other because the function is stated as differentiable —
2+k=3=k=1

s b=—4
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Free Response (10 pts. each)

1. Answer:  fis not continuous at x = ;. This discontinuity is not
removable.

. _ . 2 _
lim f(x)—}1_>n_1](x —er+1)—l

x——1t
lim f(x)= lim x|
x——1" x> \ x+2 \/7[+2

Jim_ f(x)= lim, f(x)

(\)
1)

TOBBTARATIEQ@R MO A0 T

°° curve goes up
e curve goes up

oo curve goes up on both sides of the VA

DNE, -3 is not in the domain

2

0

DNE, the two parts of the curve do not come together.
0; the pointisat0

2; the curve leads to 2 on the left

2; the curve leads to 2 on the right

2; the two parts of the curve come together at 2.
3; the point is at 3

-1; the curve leads to -1 on the left

-1; the curve leads to -1 on the right

-1; the two parts of the curve come together at -1
DNE; 3 is on in the domain.
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Piece-wise Defined Functions Practice Test
Part 2: NO CALCULATOR ALLOWED

Multiple Choice

5. Answer: B

£ (x) +0 -0 - 0 +
X 0 3 6

min is where the sign changes from — to +.
6. Answer: B

f’(x) is positive, so is f(x) increasing. Il must be true and III must be false. 1is

false because the limit does not exist.
A function f(x) has a vertical asymptote at x=2. The derivative of f(x) is

positive for all x#2.
7. Answer: D

The two parts of f(x) must be equal at x=1,s0 3=m+b

f'(x) _ {—2x, ifx<1

m, if x>1
The two parts of f”(x) must be equal at x=1,80 m=-2
The two parts of f(x) must be equal at x=1,s0 3=m+band 5=5

8. Answer: E

A-D are true, so E must be false.
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Free Response (10 pts. each)
3. fiscontinuous at x = —3. f'is not differentiable at x = —3.

Continuous:
1. f (—3) exists
1. 11m f(x )exists because

x—-3

lim f(x)= lim(2x+3)=-3

x—-3"

lim_f(x )_hm( > +4x)=-3

x—>-3* x—-3
oo lim f(x)=7(=3)
2, ifx<-3
2x+4,1f x>-3
lim f’

Jim (x)= lim (2)=2
lim_f”(x)= lim (2x+4)=-2
(

f(x)=

x—-3T

lim_f’(x)# hmf()

x—-3"
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2x+3

4. List all traits and sketch f ( x) =

x> +4x

Domain: x e All Reals

Zeros: (0, 0)

2x+3=0 x*+4x=0

x=-1.5 x(x+4)=0

butx<-3 x=0,-4
but x >-3

y-int: (0, 0)
£(0)=02+4(0)

VAs: None; there 1s no denominator
POESs: None; there is no denominator

EB: Left end down, right end up

Extreme Points: (-2, —4), (-3, —3)

£) 2,ifx<-3

X)=
2x+4, if x>-3
dy

. —=—=0
cv Ir
2#0 y=0=2x+4
x=2

cv:  Endpoint of Domain (-3, -3)

Range: y e All Reals
See the graph
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