4.1 Free Response Solutions

l.  y=2x"+9x*-168x
Yy =6x>+18x-168=0

y':%(9x3—4x2 —27x+12)_%(27x2 -

Y DNE + O

T

V3 863

c.v.’s: x:i\/§,4/9, 1.159, — .863

c.v.’s: x=4,-7 extremes:  y=-—400, 931
x> +1 .
3. y=— Note: Domain x#+2,0
x°—4x
X3 —4x)(2x)=(x*+1)(3x2=4) _,4_7,2
Ot ) IR TP
(x3 — 4x) (x3 — 4x)
Y DNE ( DONE ) DNE
S | | | -
. N
c.v.’s: x=R,+X,-.729,.729 extremes:  y=.606,—.606
5. y=9x*—4x2-27x+12

Note: Domain xe[—ﬁ, %}U[\B, oo}

27x*>—8x—27
1
2(9x3 —4x2_2T7x+ 12)/2

8x—27): =0,DNE

DNE DNE +
: V3
9

extremes:

y=0, 5.151
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y=(x2)m

2 #H2X(4AX2 # 27
y!=x2"%(9#xz)#/S"#zx+(9#x2)%"2x= ( 2 )=0,DNE
3(9#x2)"
+ ONL+ O 0 ONE
- | | I | -
T
c.v.’s: Xx=%3 0, ig extremes: y=0,8.84E
:£§’x+cosx on x! & 2#, 2#&
y! 3. snx=0
2
, END + 0 ) ( END
R 5" 4” n 2”
Vs x=12" 2" ] | x4
C.V. 80 X 2 12 ’ 31 31 31 3

extremes: y=14.441 6.441 ! 4.034 ! 4128 1.407 1.314
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11. extremes: y=-6,1,—-8,3

A I\

4 3 2 /*1\ y ' /\

[\ [\

[\ [\

[ \

[ \
HA /

13, f(t)=Y(8~1), [0, 8]

Fr)=r )8 r) 517 = 2 =0, DNE

373
cv.’s: x=0, 2,8
f(0)=0« Relative minimum
(2)=7.560 < Absolute maximum
(8)=0 « Relative minimum

f
/

5. (=" 1)

X

1
x-——Inx
I-Inx
’ = x =
(%) X X
cv.’six=8,1,e, 3
f (1) =0 « Relative minimum

=0,DNE
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17.

19.

(e

f(3)=.366

% I Absolute maximum

f(x):xZIn X Note: Domain X! (0’ " )
f !(X) =x2 -'1+InX"2x: X(1+ 2Inx) — 0,DNE
X

cv.)’s: x=4g, e &

fi(x)= X%Q"%‘(g# (1+2Inx)(1)

f !!gﬁu%ff 2+§3.+ 2Ine"y2f‘: 2>0) minimum
f(x):xe' X

f1(x)
f1(x)

x"e (#2x) + &7 (1)
e (#2x2 +1) =0

c.v.’s: X—+i
« Ve . —_\/E
v 0 0
v 1—_’? ".‘.."
Minimum ~ Maximum
4 1a& 1 Gif# g 1 & L
fllgh —( =2)" —e* V2 A " 3 >0* minimum
B (72 g g 0¥
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4.1 Multiple Choice Solutions

I fi(x)=3x"18X+24=0# 3(x" 2)(x" 4)=0# x=20r 4

fl +!!!!0!!!%mo I+
i}S $ § ? $ B

The correct answer 1s C

"10£4/10°" 4(9)("3) _$ "1.357 |

3. fI(x)=9x*+10x" 3=0# x= =%
() 2(9) g 0.246
| + QMmoo+
' #%%%%%%%%%%% f(11.357) =5.779
X 1.357 1" 1110.246
The correct answer is A
dy 1 'y , )
5. —2 =1 Z(25! x*)"2(12x)= on X! #'2, 4%1s
dy dy
! —==0! x=0 I —==dne! x=x5 !l =124
) i X ) o - dnet x ) x

) f(o) =15 f(! 2) =14/21; f(4) =13. The highest "-value is 13

The correct answer is E
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7. f!(x)zgx% " %)x% :1—:;)x% (1" x)

+1 dnel!  +11 10 | %

x. " $$O$%$$§!!% $#

I. 1<x: f(x)= ZX% ! SX% <0, so I is false.
I1. O<x<l f(X)=2X%—5X% >0, so II is true.

Nl x<O: f(x)zzx%_5x%>o,soHIistrue.

The correct answer is E

(103 27)

1
9. f(x)= = =0—>In(7x)=1>T7x=e—>x=—¢
) [In(7x)T [in(7x)T ) 7
) Q:O%ln(%c):l%%c:e%x:le
dx 7
I ﬂ:dne—>ln(7x):Oe7x:1—>x=l
dx 7
, dne - dne + 0 +
X 0 l le

7 7
ﬂ>O—>(O, l)u(l le)
dx 7 77

The correct answer is B

11.  x=-4, because the signs of f ’(x) change from negative to positive.

The correct answer is A
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3. w#(2)=g(/(2))-r(2)=g/(4)- /'(2)=-1-0=0
r(2)=g'(4)- £7(2)+ f/(2)-g”(4)=-1:(3)+0=-3
h’(2) =0 and h”(2) <0, so h(2) is at a relative maximum, by the Second

Derivative Test.
The correct answer is A.
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4.2 Free Response Solutions

1. f(x)=x3! 3X* +2x+5, 10,28
#is continuous and differentiable.
f (0) =5=f (2)! Rolle’s Theorem conditions are met.
f1(x)=3x?" 6x+2=0
X=.423,1.577

3. g(t)=tt+6, [-4,0]
#1s continuous and differentiable.
g(_4) =42 # g(O) ~.Rolle’s Theorem conditions are NOT met.

g’(t):t-%(t+6)_% +(r+6)y2

=t+2(t+6)=
2(t+6)y2

8(8)_‘(%2;4) _ /3

2

t=-2.150,-4.961
t=-2.150 in domain
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7. See AP Central

4.2 Multiple Choice Solutions

1. Let #be a polynomial function with degree greater than 2. If 4 =4 and
f(a)=f(p)=1, which of the following must be true of at least one value of $

between Ymand &

L. f(x)=0 might be true, but does not have to be true.
I.  f1(x)=0is true based on the Mean Value Theorem
III.  f1(x)=0 is not true because quadratics do not have points of inflection.

The correct answer is B

17—(=3
3. @:—4x+1—>—4c+1:#=—7%c=2
dx 3—1

The correct answer is D

5. Draw a line thru the endpoints. Five parallel tangent line can be drawn.

The correct answer is D
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7. E’(t) =0 between any two equal F (t) values. There are three intervals with
the same E(t) values at their endpoints: e (0, 4), te (6, 14), and te(8, 12). But
the third interval is within the second interval. E’(t) might equal zero three times,

but two might be the same.
The correct answer is C

4.3 Free Response Solutions

la) A=2mr’ +2nrh; V=7'[I’2h=167[ﬁh=g
r
A=2mr* +2ﬂr[¥j:2ﬂr2 +(32—”j
r r
A’:4m—(32”]:0

2
r=3/§=2

r

b)  C=.06(2mr*)+.03(2zrh)

c(2)= .O6(2n(2)2)+.03(327ﬂ] =$3.02

3. Find two positive numbers whose product is 110 and whose sum is a
minimum.
s DN (
xy:llO—)y:E x 0 V110
x -
11 e
Sum=S:x+y—>S=x+—O Min
X

11 211
s'=1——20=x . 0 o

X X

x=0,24/110 > x=~/110 = y=+/110
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5. A=2xy=2x(16-x")=32x-2x’

A=32-6x"=0—>x= ‘/%2 =2.309 — A=32(2309)-2(2.309)° = 63.234

12077
07 _120r -1

B
V= %rzh = %rlel2 —r? = %rz\/(120r1 —r)2 -

Graph the volume equation and find the maximum: »=8.324, ¥ =854.033

7. ar+rrl=120r — [ =

9. Volume = x"y

'

2 Vv - 0
V=x M :300)c—l)c3
4x 4 [

V’=300- %xz =0 P

x=0,£20cm -
x=0, 20
Maximum at x =20

Max Volume = 4000 cm’

1 2
1. D= x’+y’ = x2+( 2 j
x +1
1

D’ = %(xz +(x*+1)” )/2(2x— 2(x%+ 1)’3(2x)) =0

2 D(0)=1
2x[ 1= —"— |=0—>x=0,0.510
(x*+1) D(+0.510)=0.794

(xy) | ey

PNIZ
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13. A right circular cylinder is inscribed in a sphere of constant radius r=10.
Find the largest possible volume of the cylinder.

chl = ﬂ:rz (ZX)

2
v, =7(J100- x| (2x) = 27(100x - x*) = 200/ x— 2! °

V’/=200! -6/ x*=0

200!/ =6/ x*
100 10
Xr=—sx=t—
3 V3
10
x=0, =
J3

eyl

Vil = 27{100(%}(%)3}: 4;)?/0{
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4.3 Multiple Choice Solutions

. P=x3-150x(150-X)= x*+150x* - 22500
P’ =3x+300x 22500 = 3(x* +100x— 7500 ) = 3(x— 50)(x+150)= 0 — x = 50

The correct answer is C

3. A=4xy; F=5x+6y=100
100-5x)_200 10 , dA_200 20 _, . .o
6 ) 3 3 dx 3 3

x_m%y_lo()—so_so_zs
- -6 6 3

The correct answer is D

A=4x(

9 9

3
A’:2—%x2=0—>x=\/§%A:2x/§—%(x/§) =2J§—%\/§=%J§

2
5. A=2xy=2x£1—x—]=2x—2x3

The correct answer is D

5. The piece of wire is cut into lengths of x and 10- x. The sides of the square

are 5= and the sides of the triangle are
4 3

A= (1)2 + ﬁ(lO —x)

4 4

A'=£—£(1O—x)20
s 2
x=435

The correct answer is C
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4.4 Free Response Solutions

1. Given this sign pattern for the derivative of F (x), on what interval(s) is

F (x) concave down?

x €(—o0,-3)U(0,3) because F”(x)<0.

3. y=x+x*-T7x-15

@:3x2+2x—7
o d? - 0 +
%:6%2:0 %xz 1
1 * 3
¥=-3
POIL: (_%, —12.593); CU: ;xe(_%, oo); CD: xe(-e, - 1)
—4x
> y= x> +4
dy _ (¥ +4)(-4)-(-42)(2%) _4x2—16
dx (x2 + 4)2 (x2 + 4)2
Py (4] (-8x)—(4x>—16)-2-(x +4)(2x) —8x(x—dx-8) 0
de’ (x2+4) N
x=—1464,0, 5464
y" + 0 0 + (0
- | -
. 1.464 0 $.464

POL: (1464, 953), (0,0), (5.464, —.646);
CU: x! ("#," 1.464)$ (0, 5.464); CD: xe(~1464, 0)U(5464, o)
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y= ln(4x—x3)

dy _4-3x"
dx  4x—x°
dy (4x—x3)(—6x)—(4—3x2)2 o 3xt-16
dx*  22-x)2+x)  x*(2-x)(2+x)
x=R£X
dzy — 0 0O -0 +
2
d -2 0 2
X
POI: None
CD: xe(—e0,—2)U(0, 2)
y=%x+sinx on x! (0, 2")
%=%+cosx
2
%:—smx:o
X
x=0xrnn=r
dzy end — 0 + end
2
dx 0 T 27

X

POL  (x, 75

CU: xe(m, 2m); CD: x€(0, m)
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11.

13.

POI: (‘%/5 .607),(%/5, —.607)
CU:xe(—m,—yﬁ)u(yﬁ,oo); CD: xe(—yﬁ,yﬁj

y:2x—x2/3
dy 2 -l
C 0 2477
dx 3x
d’y _2 -4
=== =0, DNE
4ot =0 DN
x=0
dzyz + 0 +
dx O
X
POI: None

CU: x €(—e0, 0)U(0, oo)

90



4.4 Multiple Choice Solutions

1. f(x)=x—6x"— f/(x)=3x>-12x > f"(x)=6x—12=0—>x=2

f” - 0 +
X 2
The correct answer is A
, Inx " 1-Inx .
3. f(x)=—>crs:x=0,1; f"(x)=—F——>ivs:x=0,e..
X X

#'is increasing for x >1 and the graph of #'is concave down for x > e.
The correct answer is C

5. %Z[f(xz)] = %[2@“(;&)} =2af” (x%)2x+ 27 (x7) = 4x? 7 (62 + 27 (x?)

The correct answer is A

2
7. y=3x"-10x* = % =15x* - 40x’ = % =60x” —120x" = 60x° (x— 2) =0
by X

The correct answer is E

dzy
9. —L =2 -2xsin(x?)—> —= = 2xcos(x*)2x+sin(x*)(=2) . Graph the

dx ( ) dx2 ( ) ( )( ) p
second derivative on 0 < x < 5and count the zeros.

The correct answer is C
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f”+0+0_0+

POIs occur when f”changes signs
X 0 3 6

11.

The correct answer is D) 3 and 6 only

13.  The number of extremes of ? = —sinx —sin3x + sin 5x equals the number
X

of POIs. Graph the equation on the interval and count extremes.

The correct answer is C
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4.5 Free Response Homework Solutions

1. y=3x*-15x+7
y' =12x"-30x=0
6x(2x*-5)=0

cv’s: x=0,t %

Minimum points: (—,[5/ ,—11.75) s

R SR B S
3 | | | .
. ; 5 5/ _
£ (J7 , 11.75)
Maximum point: (0,7)
y"=36x>-30=0
6(6x*~5)=0 Points of Inflection: (—\/? ,—3.417)

Lv’s: x==% % (\/?,—3.417)
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x+1 x+1 1

3. y=— = = ,VA:x=3
x*=2x-3 (x-3)(x+1) x-3
, 2 _ 1
y——(x—3) = (x—3)2 , B [I)NE (IJNE
c.v’s:x = X < we already know x = 3 is a V.A. . I I =
-1 3
- 2
y=2(x-3)"=—2_
(=
i _ DNE DNE +
ivs: x=X Y ~ | | _
| |
X
-1 3
, DNE 0
y
2 5 - % f -
5. y=5x/3—x/3 X
0 2
, 10 -y 5 27 10-5
y=—x A——x/3 X
3 3 3x%
+ 0 DNE
cv’s: x=0,2 y' |
- | -
- I l >
¢ o . X
Minimum Point: (0,0) -1 0

Maximum Point: (2,4.762)

o 10,05 10y —10-10x
9 9 9x/3

iv’s: x=0,-1

Point of Inflection: (-1,6)
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7. y=x‘e”"
y=xt-e"(-1)+e” (2x)=—xe " (x-2)

2a. —
cvs: x=0,2 P i 0

Minimum Point: (0,0) - { |

Maximum Point: (2,.541)

y'=e"-(-2x+2) +(—x2 - 2x) et —l=e" (x2 —4x+ 2)
1.v’s: x=3.414,586

Points of Inflection: (.586,.191),

(3.414,384)
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11. Increasing from(! " ,5)# (7,10), decreasing from (5,7)u(10,oo)

13. Decreasing from (—oo,—S) u(S,oo), increasing from (—5,5), concave down

from(—oo,—?)u(—3,3)u(7,oo), concave up from (—7,—3) u(3,7)
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w—— o

17. Absolute min @ x=1
Absolute max @ x =3
Local min @ x =4,7
Local max @x =6

©—4 o




19. Absolute min @ x=1,7
Absolute max @ x =4

No local maxima , \

\\
4.5 Multiple Choice Solutions
1. The curve should be increasing, then decreasing then increasing. It should
also be concave up, concave up, and concave down.
The correct answer is A.
3. The curve should be increasing, then decreasing. It should also be concave
up, and then concave down.
The correct answer is C
5. g’(x)<0 means decreasing and g”(x)>0 concave up.
The correct answer is A
4.6 Free Response Homework
-0+0 -0 + » + 0-0 +
1 y y
X -2 0 2 X —1 1

a) cvs:x=-2,0,2
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ivs:x=—,1

Increasing: xe(-2, 0)U(2, o)
Decreasing:  x €(—e0, —2)U(0, 2)
Concave Up: x €(—o0, —=1)U(L, oo)

Concave Down:  x! ("1, 1)

Sketch:

cvs:x=0,£2
ivs:x=0,=x1.5

Increasing: x&(—eo, —2)U(2, o)
Decreasing:  xe(-2, 0)u(0, 2)
Concave Up: X€ (—oo, O)U(l 3, oo)

Concave Down: «xe (O, 1.5)

Sketch:
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<

a)
b)

c)

d)

+ 0-0 + 0 - y”_o

2 0 2 P

cvs:x=-2,0,2

ivs: x=x=l1

Increasing: xe(—oo, —2)u(0, 2)
Decreasing: xe(_z, 0)u(2, oo)
Concave Up: X€ (—1, 1)

Concave Down:  x&(—eo, —1)U(1, oo)

Sketch:
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7a. max pt. at x = —4 because f’(x) switches from + to — and at x =7 because
f’(x)1s positive and the function stops; min pt. x =0 because f’(x) switches from
—to + and at x =— 7 because the function starts and f’(x)is positive.

7b.  f(x) has at points of inflection at x =+2 and 4 where f’(x) switches from
increasing to decreasing or vice versa.

9a. max pt. at x =4 because f’(x) switches from + to —; min pt. at x =—7
because the function starts and f”(x)is positive , and at x =7 because f’(x)is

negative and the function stops.
9b.  f(x) has points of inflection at x =—4, 0, and 5.5 where f’(x) switches

from increasing to decreasing or vice versa.

4.6 Multiple Choice Solutions

1. L. At the points where x =—3 and x = 2 there are horizontal tangents.
True about f”(x), but false about f(x).
II. At the point where x =1 there is a relative minimum point. True

because f’(1)=0 and f’(x) switches from — to +.
III. At the point where x = —3 there is an inflection point. True because
f’(x) switches from increasing to decreasing.

The correct answer is D) II and III only

3. L. The graph of ( is increasing.  True, because g’(0)>0
II.  The graph of ( is concave down False, because
g”(0)=—sin(cos(sin0))cos0 = —sin1 <0
III.  The graph of ( attains a relative maximum point. False because
g'(0)=0

The correct answer is A). [ only
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5. f’(_z) - f’(o) =0. f(x) has a maximum at x=-2 and a minimum at x=0

because of the sign changes.

The correct answer is C.
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Derivative Applications Practice Test

1
1. g (x)=3x" +5-g"(x)= 3x(e2x (2)) +e(3)=3e"(2x+1)=0—> x= -3

The correct answer is C.

2. g’(S) =0 and g”(8) >0, SO x =48 is at a relative minimum
The correct answer is B

(5905 23] sy

3. "(x)= =
f(x) In? (5x) n? (5x)
1 ) 1 y dne — dne - 0 +
In(5x)—-1=0—>x=—¢; In"(5x)=0—>x=—
(5x) “ei I (5) S

@<0—>xe(0,l)u(l,lej
dx 5 55

The correct answer is B

& + 0 + 0 -
X 3
The correct answer is E

4. max at x=9and POl at x=3

5. Based on the increasing and decreasing of the graph of #
gt 0+ 0
X 0 3

The correct answer is B

6. At x=12, s’ switches from decreasing to increasing, making x=12 a POI

on f.

The correct answer is E

7. P=x"-150x(150— x) = x* +150x> — 22500
P’ =3x +300x— 22500 = 3(x” +100x — 7500) = 3(x = 50)(x +150) = 0 — x = 50

The correct answer is C
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8. / has a slant asymptote, not a horizontal asymptote because the numerator

is of one degree higher than the denominator.
The correct answer is D

9. f’(x)<0omeans #is decreasing; f”(x)>0means #is concave up.
The correct answer is A

10.  This is the graph of the second derivative
L. False: f”(x)does not change sign change at x=-2

II.  False: f”(x)>0 on xe(0,4), so #is concave up there.

III.  must be true by process of elimination.
The correct answer is C

" f + 0 - 0 +
X 0 a
L. True: 7 ¢
II.  True: At x=0, the sign pattern of f’ switches from positive to negative.
III.  True: f”(x)zx(3(x—a)2)+(x—a)3=(x—a)2(3x+x—a):(x—a)2(4x—a).
T o + 0 +

No sign change at f”(a) means no POI
T

The correct answer is D

12.  The data indicate that f’ switches from increasing to decreasing, so f has a

POI
The correct answer is C

la. There are no extremes because the first derivative never switches signs and
the endpoint are not included in the domain.

b. x=4 and 9 because f’(x) switches from + to —

c. At x =—1, there is a cusp point, because neither f’(x) nor f”(x)existand
neither sign pattern changes.
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Sketch the graph of y= f( x) o

M\

-1

2. f(0)=p—qcot9+;=p—qcot 6+ r(sin6)
sin@

f7(8)=—q(~csc*8)—r(sin6)” (cos8)
=qgcsc’@—rcesc’Ocosf=0
gesc’@—resc’Bcosf=0
csc’B(g—rcosf)=0

csc? @ =0 — no solution

g—rcosf@=0
—rcosf=—q
cos@=2
r
fl - O + q . . .
SO, cos@ == 1S at a minimum.
0 b r
q

3a. x=-7and0.4. x=-7 because it is the left endpoint and f’>0 after
x=-7. x=0.4 because f’ switches from positive to negative.

b. x=#4,-2,0,1 because f” switches from increasing to decreasing or vice

versa.
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C. xe(-5.25,—-4) and xe(0, 0.4) because f’ is negative and increasing is
negative and increasing switches from increasing to decreasing or vice versa.

d. xe(-5.25,-4) and xe(0, 0.4) because f’is negative and increasing
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