6.1 Free Response Solutions

1. y=x+1, y=9-x2, x=-1, x=2

A= [2[(9—x2)—(x-l-1)]dx= [2(9—x2—x— l)dx= ‘[_Z(S—x—xz)dx

2 B3P 4 8 1 1
Slsx- - =16- 2 =2 || -8~ + = |=195
23] 273 273

A= f1'716[(8—x3)—x2]dx+f3 [xZ—(S—x3)]dx=60.252

-3 1716

5. _y=5x—x2, y=X

A= /0‘4[(5)6 —xz) —x]dx = f4[4x —xz]dx = |:2x2— %x3i|4 =32- % = 32/3



7. x=e&),x=y*-2,y=-1,y=1

1 1 1 11
A= fl[ey—(yz-Z)]dF[ey-§y3+2y]_] =[€1—§+2:|—|:—+§—2:|=5.684

-1 e

=1.369

lim —— dne.".the integral diverges
a-0t a



11. = X

13. y=x.,y=2x

2 1 L]
-—x3 =2.106
In2 3
- 767

A= f_ .2767[2)6 — x2]dx =[

6.1 Multiple Choice Solutions

-1

| A=f9/8e(1+x2)dx=1080
| 5 .

The correct answer is B

3. Area= f 143 (2ginx — xIn(2x + 1))dx = 0.661
0

The correct answer is B




The correct answer is B

6.2 Free Response Solutions

3
1. y=1+6x/20nx€[0,1]
y'=9x1/2—>L=f1 1+81xdx=6.103
0

3. =l\/7(y—3)0ny€[1,9]

1 1 1

1
L= f9J1+( ‘1/2) dy= f [1+1 e Lotgy= f l—+ ot y_ldy 10.667
1

5. y=1nx3/20nx6[1 ﬁ]

,__ _1/2__ V3 Z
Y= Lf /+ —dr=1.106

X T
7. Find the length of the arc along f(x) = f costdt on x €0, 7 .
0

fx)= cosx—>L=f7T/2 1+cosxdx=2
0

9. Find the perimeter of the region R bounded by y = (X - 3)2 — 1, the x-axis, and the y-

axis.
e
6
4
2
R
| V s




L=fzx/1+(2x—6)2dx+8+2=8.268+10=18.268

0

1
11.  Find the perimeter of the region R bounded by y =,/ 2x andy = §x4.

2

1

L=‘/0’2\/ (05x° dx+j(§2 Ve dx=3.200+2.958=6.158

6.2 Multiple Choice Solutions

L e [T [T 20 25

The correct answer is A

d 1
3. 2. (—sinx) = —tanx > L = fn/3\/ —tanx)?dx = f/3 sec?x dx =

dx  cosx

ln|secx+tanx|0/3=ln SGC% *+tan—r- ‘—ln]secO+tanO| :ln|2+\/7| —ln1=1n|2+\/7|

The correct answer is D

d_y ! dy dxf
dx 2\/’

The correct answer is E




7. [

dy
~ dv= f 1+ dx /
F
+c

_>y_Sll'l -
dx 4_x2 2

1
(1,0)—’0=Sin_1—+c—>0=£+c—>c= -
2 6 6

The correct answer is E




6.3 Free Response Solutions

1. y=x2,x =1, y=0; about the x — axis.

5
V= nflrzdx= nfl(xz)zdx= nf1x4dx= n[x—
0 0 0

1
3. y=—,x=1,x=2,y=0; about thex —axis.
X

]1
50



5. The region bounded by y =,/ sinx and y = (.

V= nf rldx = nf sinx dx—rtf (sinx)dx = n[— cosx]" 2m

7. The region bounded by y =cosx, x =0, and y =0.

)

o©
)

IEANE:
3 3
1 1 Toon?
V= nfn/zrzdx = T(fn/z(coszx)dx = n[—x + —sin2x:| =
0 0 2 4 . 2

9. y =x2 x =y2; about the x —axis.

1] 3w
x| | = —
.| 10



11.  The region bounded by y = —,/x, y = —2 and the y-axis.

13. The region bounded by y = X3, y =8, and the y-axis.




V=7Tf2( — 72 dx 27Tf [(8)2 2]dx

= f [64 - x]dx

1 72

=7-[|:64x—7x :|
0

[ 128]
| 128 — ——

7
_7681‘[
7

15.  y=x2, y=2% about the x—axis.

15

- |
V= 7Tf2 (Rz—rz)dx+ nf4(R2—r2)dx
-.767 2

vem [*[(202- () ]+ m [(x2)2 - (26)2)ax = 94612

7 2
? (R2-r2)dx + nf4(R2—r2)dx
767 2

V=rn f_ 2 [(29)2-(x2)?]ax + f? [(x2)2-(2)?]dx =94.612

10



6.3 Multiple Choice Solutions

RN p I PR T P

0
1 1 4 16 8
| —x?-—x3| =n|8-—|=—mn
2 12 3 3

The correct answer is E

3. V= nf Zdx = nf (Inx) dx =T

The correct answer is C

5. v=m [(32-(tan"1x)?) dx =27.505
0

The correct answer is E

1 )
242 = I ) 2
7. x“+t4yc=1-y 1 4x -V T[f_z( 1 4x)dx

5 1 1 3 2 81
V= 2th 1-—x%|dx=2n|x-—x3| =—
4 12

The correct answer is B

9 Volume = nfz(nZ - (g —sin~!(x - 1))2)dx + nfé(rrz - (% \/E)z)dx = 105.585

0 2

The correct answer is D

11



6.4 Free Response Solutions

1. y2=x,x=0,y=1;aboutthey—aXiS-

V= Trf rldy = Trf x2dy = th 2dy Trfy4dy 1T|:y55i|1=%

0

3. The region bounded by by x = —,/ —y on y €[—4, 0]

f rdy = ﬂf x2dy = Trf 2a’y n[( y)dy = n[ ;2]0 =

-4

12



5. The region bounded by x =¢” -1, x =0, and y =1n3.

1 In3
V= ﬂfln3r2dy = 7.[‘/’ln3(ey_ 1)2dy = ﬂfln3(€2y_2€y+ l)dy = n[zezy—26y+y:| n _
0 0 0 .

=n[(4.5-6+1n3)-(0.5-3+0)]=2.986

7. The region bounded by x2+4y? =36 and the y-axis on y €[-3, 3]

x2+4y?=36->x=+/36—4y>
3

V= ﬂf3r2dy= nf3( [36—4y? )zdy=2ﬂf3(36—4y2)dy=2T[|:36y—4%i|3= 1447
0 0

-3 -3

9. y2=x,x=2y; about the y—axis.

13



4 I 1 64n
V= nfz(Rz—rz)dy = n/z[(Zy)z—(y)z]dy nf2(4y2—y4)dy = n[ ?)’3_ gys ]= BTE
1] 0n 1] 0.

11.  The region bounded by y = x% x=1,and y=0.

-

©
u

y=x2—>x=\/;

vern [{(R2=)dy=n [[(02= ("2 ]dym ['(1=y)dy = n[y—%y2 l]: %

0

13.  The region bounded by y = x2and x = yz.

1

y=xlox=\/y
=f R?-r2)dy = nf )Jdy = ﬂfyydy "f[y'_y]y_ig

14



15.  Let R be the region bounded by y =x3, x =2, and y =0.

T R
I/' ; - - - _ 3 _ 1/3 _ 3 _
F y=x"—=>x=y/y=x’,x=2
82 2 842 _ 1/ 2/ 5/3 1287T
V=7Tf (R —r)dy=7Tf [(2) 3 ]dy Trf [4 -y 3]dy th 4y——y 5
0 0
6.4 Multiple Choice Solutions
2 16x )2 of 16x 5 1 7
1. V=T[j(; (( x2+4] —(x)Zde=nf0 (x2+4 —x)dx=n[81n(x2+4)—§x3]0=
n[(81n8—§)—(81n4—0)}=71'[241n2—§—161n2]=n(81n2—§]
3 3 3
The correct answer is E
-2
1
3. y:x3—1—>x=(y+1)/3;y=x—1—>x=y+1

15



Boundaries: y+1=(y+ 1)1/3 »y==-2,—-1,and 0
Volume = nfo((xl)z_ (xz)z)dy = ZHfO((y +1)2-(y+ 1)2/3)dy =6.462
9 —1

The correct answer is E

5. The solid i1s generated when R is rotated about the y-axis, so B and C are
: T . . :
incorrect. y = —— is a boundary, so E 1s incorrect. The formula for the Disk

Method about the y-axis is 7 f . 2x2dy, so A is incorrect.
0

The correct answer is D

7. The solid is formed when the region is revolved about the x-axis, so only A or E can be
correct. The graph shows the problem uses the Washer Method, but A uses the Disk Method.

The correct answer is E

16



6.5 Free Response Solutions

1.

3.

5.

11.

Washer Method

V=nf_j(RZ—rZ)dFn[_j((g—(—l))l (%x —(- 1)) )dx=

4 4
] ]
271/(81 —(Zx4+x2+ 1))a’x=2nf(—zx4—x2+80de
0 0

1 1 4 7424m
=2 ——x ' ——x3+80x | =
0

20 3 15

Washer Method

1)2
V= 7Tf3(R2—r2)dx = nf3((1 + —) - 12)dx =8.997
1 i X
Washer Method V= nf](Rz—rZ)dx= nfl((l -x3)2-(1 —ﬁ)z)dx
0 0
n[l((1—2x3+x6)—(1—2ﬁ+x dx=1rf1 x6—2x3—x+2x1/2)dx
0

0
1 1 1 4 3 101
=7T(—x7——x4——x +— /2) =

7 2 2 3 21
0
— =2 —
y=4/x+1l->x=y"-1
. 2
Disk Method: V=T[f ([3— 1 Ddy = nf —(y*-2y +1]d
0
[ l5 2 3 :|2 [ 32 16 :| 1047T
=m|—-—y'+—y'+8| =n|-—+—+8|=
5 3 A 5 3 15

Washer Method: V= thl(Rz—rz)dy = nfl((3_x1)2—(3_x2)2)dy
1

= [ (3522~ G-1)a = "fl(y_‘“ﬁy2+9-4)dy=2”f'(y4—6y2+5)dy

5 14 53 51 327
=27 —y*=2y°+ =—
5)’ y )’0 15

Washer Method V= nf'glG(Rz—rz)dx= nf'916((1 —y1)2_(1 —yz)z)dx
— 916 - 916
= [7((1-1n(x2+1))2 = (1 - cosx)?)dx =3.447
- 916

17



13.  Washer Method y =/ 6x —x? > y?=6x —x2 > —y?=x%-6x
—y2+9=x2-6x+9=(x—-3)?>9-y?=(x-3)?>x=3+,/9-y?

g(X)=y=—1+e %o y+1=e" 0% S n(y+1) = —0.5x > —2In(y + 1)

v=r [* 20+ D)= (-DF-[(3+/o-y2) - (- D] av=374525

6.5 Multiple Choice Solutions

1. This is a Washer Method problem. Both curves are below the line y = 3, so
b
V= nf ([k —f(x)]2 - [k - g(x)]z)dx. y = 2x is closer to the line, so

The correct answer is C

1 -
3. This is a Disk Method problem. V = T[f [3 —tan~ lx]zdx =20.773y =tan Ix
0

The correct answer is E

.o 2 2
5. Volume=f2(rr—(§_51n l(x—l))) dx+f6(ﬂ—§\/x—2) dx=39.111
0 2

The correct answer is C

18



6.6 Free Response Solutions

1. Area:y=(\/;)2=x

1 4 64
Volume = f4x2dx=|:§x3:| =—
0

y? 1 y?
3. y=./2x —>x=7; y=§x4—>x=4 8y; Rectangle length = N 8y —7

2\2
Area = 3s2=3(4 8y —y?

2\2
volume = [ 23(4 3y —y? dy = 6.031
0

5. Rectangle length = y =(x—3)2—1=x2—-6x+8
Area = y2 = (X2 —-6x+ 8)2

Volume = [*(x*-6x+8)’dx =33.067

0
—5x_ .2 r, 1 2
7. Rectangle length=¢ " —x“=w; Area= EW = E(e—-SX - X2)
81555342 1
Volume = [ — (e ~x2)2dx = 0.687
—1429612 2
9. The base is the ellipse 9x2 + 4y2 = 36 and the cross-sections perpendicular to the x-axis

are isosceles right triangles With the hypotenuse in the base.

V=f_i%bhdx f% N \/_ydx fyzdx j_i(9—%x2)dx=24

19



11.  The base is the region x2 <y < 1 and the cross-sections perpendicular to the x-axis are
squares.
V= fl(side)zdx
-1

=1_22=1_24=_£3i51=1_6
‘/_‘1(1 x)dx 2[0(1 2x +x)dx 2[)6 3x+5xi|n 5

13. Y=A/X,y= e_zx, x = 1; the cross-sections are semi-circles.

_ =2x \2
V=f1 %nrzdx=£fl (%] dx = 085

301 2 301

1

15.  The region bounded by y = —, x = land x =4 in Quadrant I where the cross-sections
X

are squares.

17a)  v=x(36n)-3+(25m)-3+(9m)-3+(4m)-3+(97)-3+(257) - 3+(36m)- 3
=582m

27 T 2
= —h =
17b) V=n fn (4 + 2cos( = )) dh = 13186456
6.6 Multiple Choice Solutions

L V= fn (772 ax= [Y(e) ax=0386

0

The correct answer is A

3. Perpendicular to the y-axis means the x must be isolated:

x+3y=5-x=5-3y. V= [73(5-3y)2dy=13889
0

The correct answer is E

20



/s T (cosx —sinx

2
> ) dx=0.112and y = cosx

5. Volume = f
0 2

The correct answer is B

1
7. x2+4y2=4—>y= I—Zx

TR 1 1P 27 8
V=f2 1= —x2 dx=2f2 - —x2|ax=2lx—-—x3| =2[2-2|=2
. 4 U 2" 3|73

The correct answer is A

25

9. v=fzi(n—(g—sin‘l(x-1)))2dx+f76%(n—(§\/xj))2dx= 6225

()2

The correct answer is A.

21



6.7 Free Response Solutions

2 1 2 16 4
la. Area = f2(2x2—x3) dx = [—x3 - —x4] =——4=—
0 3 4 A 3 3

b 2X2_ 3\2
1b. V= lf rdx = lfz * dx
8 8 <y 2

1

Y 1
lc. The rectangles need to be horizontal, so y = 2x%->x= 5 and y = Wox= y / 3

Washer Method: 7= 7 9{)’8@%}2_[ f ] ]dy o[- D)o

3 8 (128 167
| 2y el [ 22 ) 1O
7 4" | 7

3a. Area=f3(x+1)1/2a’x=|:%(x+1)3/2:|3 =?—0=?

_1 _
3b. Volume=f3(x+1)1/2(2(x+1)1/2) dx=f3(2x+2) dx =
[x2+2] =15-(-1)=16

3c. Washer Method with horizontal rectangles:

y =\m->x=y2—l
ve=r [([4-(2- ) P-[4-3P)dy

0

sa. A= [[-6(x2-4x)e™ = (x2 - 4x)] dr =23326
0

b v=n [[-6(x?=4ax)e 7+ 4P~ (2~ dx+ 4)*] dx = 676,640
0

sc. V= [ [-6(x2-4x)e™ —(x2~4x) P dx =170.182

Il
:a\4>

22



9 9 _9 9
7a. A=f3{ } —f[ } —f —a’u— [} =~ [In9 = In3]= —1n3
[ 2x+3 2J | 2x+3 2

9 d —-18
- g(2x+3) 2=
2x+3  dx (2x +3)?

~18 2
pP= 3+3+1+f 1+ (2 Ty | dx=10747
X

o3 9 P 8lm _81_1r (e3)7H P _8imf 1 (1
7c. V—nf0(2x+3) == f0(2x 3)"22dx = 5 [ ] }_ 2 [ 9 ( 3]]

V=91 =28274

7b. y=

%a. A= f1[4x(1-x)—(‘/§(x—1)] dx =1.089
T[3-4x(1-x)-[3-¥2x(x- D] dx=6630.

0

. V= [lax(1=x)+2P=[#2x(x- 1) +2]] dx=17665

0

d. V= [[k-x(0-0)P-[k- 2 (x-1D)]] dx
0

b. 1%

11a. Find the area of the regions R, S, and T.

AreaR=‘41'1418956[(x3—3x2+2x+4)—(Zx«/4—x)] dx=2463

Area = 2'54444(”5[(2)@/4 x)—(x¥-3x2+2x +4)] dx=1551

1 1418956

Area_= j(; 2x\[4=x] dx-Area = 15515

11b.  Find the volume of the solid generated by rotating the curve g(X) =2x+/4—Xx around
the line y = 8 on the interval x €[1,3]

vern [(8-2cya-x) dr=48152
1

I1c. Find the volume of the solid generated by rotating the region S around the line y = —1.
V= f25444495 2 /d—x =(=1))?-(x*-3x2+2x +4-(-1))*] dx=55.727

1 141R05A

23



11d.  Find the volume of the solid generated if R forms the base of a solid whose cross sections
are squares whose bases are perpendicular to the x-axis

v= [T =302 4 20 +4) - (20 /2-x)] dr =696
0

13a) f w()dx~(0 146)() (146 135)() (13.5;14.5)(5)+
145+174 174+116 11.6+
(5) )( )+(

)(5) = 359ft?

13b)  v=["w(x)-h(x) dx=(3-146)(10) +(6- 145)(10)+ (8 11.6)(10) = 22361

174-13.5
13¢) w'(15) ~ ———— =.39. Tangent Line: w—15.5=.39(x—15)
20—-10

13d) X =2t £(21) = —.0001565(2t+ 1)*+0.007969(2t + 1)3  0.12954(2t + 1)2+ 1.06724(2t + 1) - 0.931776
£/(2t) = —.000626(2t + 1)3(2) +0.023907(2t + 1)2(2) — 0.25908(2t + 1)(2) + 1.06724(2)

£/(2(8)) = 09929t /sec

. o 1 1/s
15a) Disk Method with horizontal rectangles: y = ;X > X= (8y)

Ve s avmm (s ] o= [958 0= | S| - w0
0 0 0 o
h 2 5 7 h 5 7
15b) v=n [(8y) /de=%|:7(8y) /5] =~ (80) /s
0 0

el L o 721 IR LA ISV ]ﬂ_ 2/5 dh
15¢) dt’rV_S (8h) 5] dt 56[5( h)73(8) | = (8P
dVv

dt

_ n(8(3))2/5(— %) = ~7.800f /nr

h=13

1 2
15d) A=mr?and r=x=(8y) /5, 50 ‘;—t (Sh)/ ‘:Z’Z [(8h)/} ‘Z:A%

2 4
17, v=n [Y(sx"/2)ax= zsnf x dx= 257‘[[ 2] = 2007 = 628.319in°
0 0

b) y= 5f—> —x_l/2 L= f\/1+ —X /2) dx =21.965in

24



c) tanf = Y
4

dy dx
d g @Ry
d) —[tan@ = ]*secze— = & ( dt)
dt 4-x dt (4 -x)2
5
0 =tan_1? =1.030
d ~1)=5(-.03) d ‘
(56021_030) 0 _ 3( ) ( ) _)d_?= _0_013md/min

dt 32

1 2 s 1 7
192)  v=r["|—x>-14] dx= ‘- x2-14d
) | 108 x=r | 1664 27" Y

L e o
v=q| ——M — — - 14x =19,203.928in?
11664 5 27 3 i,

gf 1 1 P
19b) A=2vr(11)2+2nf1 (mxz—M) 1+[5—4x] dx=760.265 +2990.835=3751.100 in?
—1R

d av dh
vV =m(125)2h —[V = n(12-5)2h] L (1252 —
eyl det @ dt dt
19¢)
dh dh .
-4800= (125 n—= > —= = -9.778 in/py

21. See AP Central

6.8 Free Response Solutions

1. y=secx,y=1,x=0,x=%;aboutthey—axis.

V= fn/62nrldx= fn/62n-x- (secx —1)dx = .064
0 0

1

=
= 8 = 8 X . _2/ =

v [ amrldx = [“2m- x- (x7/3)dx = 70689

1

x=1,x=8, y=0;about the y—axis.

25



5. y =x(x —1)? and the x—axis; about the y—axis.
[l ol rl y .
v=["amidx= [2m-x-yax= ["2me(x=1)2dx =209
0 0 0

7. y=/x,y=e %, x=1;about the line x = 1.

v=["2mride= [ 2n(1-x)(\/x - e >)dx=.554

301 301

9. y =x2, y=2% about the line x = — 1.

V= f 2 dmrldx + f 2 1trldx
-.767 2

= [* 2n(+0)(27 = x)de+ [*2m(1+x)(x2-2%)dx
-.767 2

=55428

Volume Practice Test

1. y =x —4is the top curve andy = x2 = 4is the bottom. The curves intersect at
x=0 and 1.

The correct answer is A

s v=n ["](e72)?-17|ax =283
0

The correct answer is B

T
5. About the y-axis means the x is isolated: x =siny and y € [0, ? ]

The correct answer is D

Ta. area= f 6()“/ 12 +dx —x2 - (—3sin(%x))) = 54295

0

7b)  Washer Method: V= "f( J12+dx-2 -(—4))2 ( 351n(x) (- 4)))—1012.159

26



o V= fn 6((x\/m - (— 3sin(§x)))2) =713.902

2 8 1 x |2 s
9a. area=£ (x2+4 dx =8 Etan_lg =4(tan_11—tan_10)=4(z)=n
0

3 \2
9b. Disk Method: V= ﬂfz( ) dx
0

9c. Disk Method with horizontal rectangles:

8 8 8 8
>x244=—oxl=——4x=,—-4

y:
x2+4

dx

27



