Chapter 2 Overview: Anti-Derivatives
As noted in the introduction, Calculus is essentially comprised of four operations.

Limits

Derivatives

Indefinite Integrals (or Anti-Derivatives)
Definite Integrals

There are two kinds of Integrals--the Definite Integral and the Indefinite Integral.
The Definite Integral was explored first as a way to determine the area bounded by
a curve rather than bounded by a polygon.

We know, from Geometry, how to find the exact area of various polygons, but
geometry never considered figures where one or more sides is not made of a line
segment. Here we want to consider a figure where one side is the curve y=f(x) and
the other sides are the x-axis and the lines x = @ and x = b.
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As we can see above, the area can be approximated by rectangles whose height is
the y value of the equation and whose width we will call Ax. The more rectangles
we make, the better the approximation. The area of each rectangle would be



f(x)- Ax and the total area of n rectangles would be Z f (xl.) -Ax. If we could
i=1

make an infinite number of rectangles (which would be infinitely thin), we would
have the exact area. The rectangles can be drawn several ways--with the left side
at the height of the curve (as drawn above), with the right side at the curve, with
the rectangle straddling the curve, or even with rectangles of different widths. But
once they become infinitely thin, it will not matter how they were drawn--they will
have no width and a height equal to the y-value of the curve.

We can make an infinite number of rectangles mathematically by taking the Limit
as n approaches infinity, or

Lim3.f(x)-Ax.
This limit is rewritten as the Definite Integral:

ij(x) dx

b is the "upper bound" and a is the "lower bound," and would not mean much if it
were not for the following rule. The symbol I comes from the 17th century S and

stands for sum.

For a long time in the mathematical world we did not know that integrals and
derivatives were connected. In the mid-1600s Scottish mathematician James
Gregory published the first proof of what is now called the Fundamental Theorem
of Calculus, changing the math world forever. The Indefinite Integral is often
referred to as the Anti-Derivative, because, as an operation, it and the Derivative
are inverse operations (just as squares and square roots, or exponential and log
functions). In this chapter, we will consider how to reverse the differentiation
process. In the next chapter, we will explore the definite integral.
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f(x)- Ax and the total area of n rectangles would be Y f (xl.) -Ax. If we could
i1

make an infinite number of rectangles (which would be infinitely thin), we would
have the exact area. The rectangles can be drawn several ways--with the left side
at the height of the curve (as drawn above), with the right side at the curve, with
the rectangle straddling the curve, or even with rectangles of different widths. But
once they become infinitely thin, it will not matter how they were drawn--they will
have no width and a height equal to the y-value of the curve.

We can make an infinite number of rectangles mathematically by taking the Limit
as n approaches infinity, or

nLi@;f(xi)'Ax'
This limit is rewritten as the Definite Integral:

ij(x) dx

b is the "upper bound" and a is the "lower bound," and would not mean much if it
were not for the following rule. The symbol I comes from the 17th century S and

stands for sum.

For a long time in the mathematical world we did not know that integrals and
derivatives were connected. In the mid-1600s Scottish mathematician James
Gregory published the first proof of what is now called the Fundamental Theorem
of Calculus, changing the math world forever. The Indefinite Integral is often
referred to as the Anti-Derivative, because, as an operation, it and the Derivative
are inverse operations (just as squares and square roots, or exponential and log
functions). In this chapter, we will consider how to reverse the differentiation
process. In the next chapter, we will explore the definite integral.
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2.1: Anti-Derivatives--the Power Rule

As we have seen, we can deduce things about a function if its derivative is know.
It would be valuable to have a formal process to determine the original function
from its derivative accurately. The process is called Anti-differentiation, or
Integration.

Symbol:  [(f(x)) dx="the integral of f of x, d-x"

The dx 1s called the differential. For now, we will just treat it as part of the integral
symbol. It tells us the independent variable of the function (usually, but not
always, x) and, in a sense, is where the increase in the exponent comes from. It
does have meaning on its own, but we will explore that later.

Looking at the integral as an anti-derivative, that is, as an operation that reverses
the derivative, we should be able to figure out the basic process.

Remember:
% [x"]=nx""

and Dx [constant] 1s always 0

(or, multiply the power in front and subtract one from the power). If we are
starting with the derivative and want to reverse the process, the power must
increase by one and we should divide by the new power. Also, we do not know,
from the derivative, if the original function had a constant that became zero, let
alone what the constant was.

The Anti-Power Rule

n+l

J(x")dxz x+1+c for n=-1

The "+ ¢" is to account for any constant that might have been there before the
derivative was taken. NB. This Rule will not work if n = -1, because 1t would
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require that we divide by zero. But we know from the Derivative Rules what
yields x ! (or %C) as the derivative--Ln x. So we can complete the anti-Power Rule

as:

The Anti-Power Rule

n+l

J(x”)dx=:;+1+c if n#-1

Jl dx=Ln|x |+c
x

Since Dy [f(x)+g(x)] ~ Dx [f(x)] + Dx [g(x)] and Dx [cxT] = cDx [x1], then

[(£(x)+g(x)) dx= [ f(x) dx+[g(x) dx
Jelr () dx=c[f(x) ax

These allows us to integrate a polynomial by integrating each term separately.

OBJECTIVES
Find the anti-derivative of a polynomial.
Integrate functions involving Transcendental operations.
Use Integration to solve rectilinear motion problems.

Ex 1 ﬂ3ﬁ+4x+5yu

2+1 1+1 0+1
32 +4x+5)dx=32 44X ;5% 4
J(x x+5) dx 241 1+1 0+1 €
_3x3+4x2+5x1+c
3 2 1

=x>+2x>+5x+c
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Ex 2 [x4+4x2+5+l—i5]dx
J X X
1 1 X4+1 4x2+1 5X0+1 x—5+1
YA +H5+——— | dx= + + + Ln|x— +
(x XASHS xSde 7 I e A P R e

+c

1 4
=§x5+§x3+5x+Ln | x|+

—4x*

Ex 3 x2+§/_—£j dx

1 3.4
=§x3+zx/3—4Ln | x |+c

Integrals of products and quotients can be done easily IF they can be turned into a
polynomial.

Ex 4 J(x2 +§/})(2x+1) dx

J(xz +x3/;)(2x+1)d x= J(2x3 + 245+ x2 +x%j dx

4 o3 M
2%+27x—+%+’;—+c
'3 Y3

Ly 675,106,345
—2x +7x +3x+4x +c
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Example 5 is called an initial value problem. It has an ordered pair (or initial value
pair) that allows us to solve for c.

Ex5 f'(x)=4x>—6x+3. Find f(x) if £(0)=13.

)= j (4x° = 6x+3) dx

=x*-3x2+3x+c¢
£(0)=0*=3(0)° +3(0)+c=13
c=13

f(x)=x*-3x*+3x+13

Ex 6 The acceleration of a particle is described by a(r) =3¢ +8r+1. Find the
distance equation for x(t) if v(0) = 3 and x(0) = 1.

w(t) = J(a(t)) dt = J(3t2 +8¢+1) dt
=’ +4 +t+¢,
3=(0)"+4(0)* +(0)+¢,
3=¢
vit)=t>+41>+1+3

x()= [(v(r)) de = | (£ + 422 +1+3) de

1 4 4 3 1 2
=—t"+-t"+=t"+3t+
47372 “
1

1=(0)" +5(0) +5(0)° +3(0) +c,

1 4. 45, 1,
H=—t*+=3+ 12+ 3t +1
x(t)=g1+ 510+
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Ex 7 The acceleration of a particle is described by a(r)=127> —6¢+ 4. Find the
distance equation for x(z) if v(1) = 0 and x(1) = 3.

v(6)=|(a(t)) dt = [(12¢* - 61 +4) dt
=417 =3t + 41+
0=4(1) =3(1) +4(1)+¢,
-5=¢
v(t)=413-3t> +41-5

x(t)= [(v(t)) dr = [ (4% =3¢ +41=5) dt
=t* - +2t* -5t +c,
3=(1)" =(1) +2(1)° = 5(1) + <,

6=c,

x(t)=t*—1>+2t> =51 +6

124



The proof of the Transcendental Integral Rules can be left to a more formal
Calculus course. But since the integral is the inverse of the derivative, the
discovery of the rules should be obvious from looking at the comparable derivative
rules.

Derivative Rules
d . o du d . du
a[sm u]=(cos M)dx E[CSC ul=(—cscu COtu)dx
d e oAU d _ du
a[cos u]=(—sin u)dx E[SGC u]=(secu tan M)E
d _ 2 du d _ ) du
E[tan u]—(sec u)a E[cot u]—(—csc u)a
d oo (gn)9H d (1)du
dx[e ]—(e )dx a[l‘” ”]_[;)a
d du
—[a“}za“-Lna— d _ 1 du
dx dx dx[LOg“ u]_(u-Ln a]dx
dprea 1 d—_csc'1u :_—1-D
dx > u}— 1— 2 Do axl } |u |[Vu? -1 "
d et =L . d et o 1
dx_cos u}— — DM dx_sec u} |u| = Du
d . -1 1 dr ~1
a Tt — D d 1.7
i an M:| w2y e _COt ui|— 21 Du
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Transcendental Integral Rules
f(COS u) du=sin u+c f(cscu cot u) u=—-cscu+c
f(sin u) du=—-cosu+c f secu tanu u=sec u+c
J(sec2 u) du=tanu+c Jcsc u du——cotu+c
J(e“)duze”+c J du Ln |u|+c

aLt
J(a”) du = I a+c
.

=sin" u+C duzztan_1u+C
J1=u? I+u
;t =sec'u+C

J uNu® —

Note that there are only three integrals that yield inverse trig functions where there
were six inverse trig derivatives. This 1s because the other three rules derivative
rules are just the negatives of the first three. As we will see later, these three rules
are simplified versions of more general rules, but for now we will stick with the
three.

Ex 8 f(sin x+3c0s x) dx

j(sin x+3cosx) dx= j(sin x) dx+ 3j(cos x) dx

=—cos x+3sin x +c¢

Ex 9 J(ex + 4 + 3csc? x) dx
J(ex + 4 + 3csc? x)dx = f(ex) dx + 4_[dx+ 3{(0502 x)dx

=e*+4x—-3cotx+c
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Trig Inverse Integral Rules

R
du . u du 1 _u
— =sin'Z2+C —— =—tan 'Z+C
J a’—u? a u-+a a a

R
du \u
————=—sec’ —+C
JuNu*—a* a a

Ex 10 If
u-+4

dx 1, _u
= tan ' 2+
14 pEn ote

Ex 111If %zsec x(sec x+tan x), find y(x)if y(0)=0.

y= J(sec x(sec x+tan x))dx: J(sec2 x) dx + [(sec x tan x) dx

=tan x+sec x+c¢

O=tan O+sec O+c
0=0+1+c
c=-1

y=tan x+sec x—1
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2.1 Free Response Homework

Perform the Anti-differentiation.

1. J(6x2 —2x+3) dx

2

5. jx3(4x2+5) dx

e

9. [(x+1) dx

1. JLJE+3 W—%) dx
13. j(x2+5x+6)dx

dx

15 Jx5—7x3+2x—9
' 2x

17, J(y2+5)2 dy

Solve the initial value problems.

19.  f'(x)=3x*—6x+3. Find f(x),if f(0)=2.

10.

12.

14.

16.

18.

J(x3 +3x% — 2x+4) dx
J(8x4 — A4+ 9x% +2x + 1) dx

[(4x—1)(3x+8) dx

J(x2+\/}+ 3] dx

X

J(4x — 3)2 dx

J[4x3+\2/}+3J v

(x> +3x2+3x+1

J x+1 d

[ (42> +1)(3 +7)at

20.  f'(x)=x’+x*—x+3. Find f(x),if f(1)=0.
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21 f(x)=(Vx—2)(3Vx+1)- Find f(x),if f(4)=1.

22.  The acceleration of a particle is described by a(r)= 36t —12t+8. Find the
distance equation for x(r), if v(1)=1and x(1)=3.

23.  The acceleration of a particle is described by a(z)=1>—2¢+4. Find the
distance equation for x(z) if v(0)=2 and x(0)=4.

2.1 Multiple Choice Homework

1
1. — dx=
sz

a) Inx*+C b) —Inx*+C c) '+ C

d —x'+C e) 2x°+C

2. Jx(10+8x4) dx =
2 4 6 2 8 5 4 6
a) 5x +§x +C b) 5x +§x +C ¢ 10x+§x +C

8
d) 5x* +8x°+C e) 5x% + 7x6 +C
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3. Jx@ dx =

a) &x%+C b) —Sfx%+C C) %x%+C
54/3

d)  23x+C ) T\/_x%+C
4 J(x —1)Vx dx=
a) %«/}—%+c b) %x%+%x%+c c) %xz—x+c

d 20 2000 o leiodiye

5 3 2

5. A particle is moving upward along the y-axis until it reaches the origin and

then it moves downward such that v(r)=8—2¢ for r>0. The position of the
particle at time t is given by

a)  y(t)=-t>+8r-16 b)  y(r)=—1*+8:+16
c)  y(t)=2t*-8r-16 d  y(t)=8r-1

e)  y(t)=8r-2¢

6. Ifaparticle’s acceleration is given by a(r)=12r+4 and v(I)=5and y(0)=2,
then y(2)=

a) 20 by 10 ¢ 4 d 16 e) 12
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2.2: Integration by Substitution--the Chain Rule

The other three derivative rules--The Product, Quotient and Chain Rules--are a
little more complicated to reverse than the Power Rule. This is because they yield
a more complicated function as a derivative, one which usually has several
algebraic simplifications. The Integral of a Rational Function is particularly
difficult to unravel because, as we saw, a Rational derivative can be obtained by
differentiating a composite function with a Log or a radical, or by differentiating
another rational function. Reversing the Product Rule is as complicated, though
for other reasons. We will leave both these subjects for a traditional Calculus
Class. The Chain Rule is another matter.

Composite functions are among the most pervasive situations in math. Though not
as simple at reverse as the Power Rule, the overwhelming importance of this rule
makes it imperative that we address it here.

Remember:

The Chain Rule: % [f(g(x))] = f"(g(x))-g'(x)

The derivative of a composite turns into a product of a composite and a non-
composite. So if we have a product to integrate, it might be that the product came
from the Chain Rule. The integration is not done by a formula so much as a
process that might or might not work. We make an educated guess and hope it
works out. You will learn other processes in Calculus for when it does not work.

Integration by Substitution (The Unchain Rule)

0)  Notice that you are trying to integrate a product (or quoptient).
1)  Identify the inside function of the composite and call it u.

2)  Find du from u.

3) If necessary, multiply a constant inside the integral to create
du, and balance it by multiplying the reciprocal of that

constant outside the integral. (See EX 2)

4) Substitute u and du into the equation.

5)  Perform the integration by Anti-Power (or Transcendental
Rules, in next section.)

6) Resubstitute the x-equivalent for u.

131




This 1s one of those mathematical processes that makes little sense when first seen.
But after seeing several examples, the meaning suddenly becomes clear. Be
Patient.

OBJECTIVE

Use the Unchain Rule to integrate composite, product expressions.

Ex | J(3x2(x3+5)10j dx

(x3 + S)mis the composite function. u=x>+5
du = 3x?% dx
J(3x2(x3+5)10j dx:J(ulo)du
=Y
1/ 5 o\t
zﬁ(x +5) +c

Ex2 J(x(x2 + 5)3j dx

(x2 + 5)3is the composite function. So “~ 245
du=2xdx
Kx(xz +5) jdx_—J(x2+5) 2x d)
G
1 ut
_5 77
=%(x2+5)4 +c
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Ex 3 J((x3 +x)M) dx

Yx* +2x? —5is the composite function. So
u=x*+2x*-5

du= (4x3 + 4x) dx = 4()63 +x) dx

2 _
Ex 4 3x“+4x-5 N
(x3+2x2—5x+2)

u=x>+2x>—-5x+2
3x2 +4x— 5)

X 4+2x*=5x+2

u=
H( 3% +4x-5 3]dx Jx+2x ~5x+2) ((3x2+4x—5)dx)
=] (v

-M_+c
-2




Of course, the Unchain Rule will apply to the transcendental functions quite well.

Ex 5 J(sin Sx) dx

u=>5x
du =5dx
[(sin 5x) dx = % [(sin5x) 5 dx
= %j(sin u) du
= é(—cos u)+c
=—%cos 5x +c¢
Ex 6 J(sin6 X COS x) dx
u=sIin x

du =cos x dx

J(sin6 X COS x) dx = J(u6) du

1
=—u'+
7u c
=_sin’ x +c¢
Ex 7 J(xssinx6)dx
u=x®
du=6x>dx

J(x5 sin x6) dx = éj(sin x6 )(6x5dx)
= éj(sin u) du
= —écos u+c

——1cosx6+c
6
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Ex 8 J(cot3 x csc? x) dx
u=cotx

du=-csc? x dx

J(cot3 x csc? x) dx = —J(cot3 X )(—csc2 X dx)

=—iu4+c
=——cot*x+c
b ([ |
u=x=x"2
1 -1 1
du=—x"?dx= d
u 2x X Zx% X
cos Vx B 1
J[ e )dx—ZJ(cos«/;) (mdxj
=2J(cosu)du
=2sinu+c
=2sinVx+c¢
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u=x>+1
du=2x dx
_%J'(exz” )(2x dx)
=% (e”)du
=le”+c
2
=%€x2+l+c
dx
u=x’
du=2x dx
[
dx=— (2x dx)
2] 1= ()
11
) 1—u? du
=lsin‘1u+c
2
=—sin"'x% +c¢
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Ex 12 J(xexz 4yt - 3sin5x) dx

5 (xexz +4x%! 3sin 5x) dx=3 (xex) dx+} (4x2) dx+} ($3sin5x) dx

= Z1e (2xdx) +49¢* dx%Zssin5x (5

u, = X u, =5x
du, =2x dx du, =5 dx

1

Nl Nl N

bethduy +4¢x? dx%g.!. sinu, du,

&x3)
(3#
2 4 3

+=x3 += +
e 3x 5cos5x C

et +4

%g(%;owz) +c
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2.2 Homework Set A

Perform the Anti-differentiation.

L y(5x+3) dx
3.0 (1) dx
5. ;@(x\/ZX +3) dx

XS

Nl

HHEH T

o
—

11. %(x“ cosxs) dx

13, §(sec?(3x! 1)) dx

15. ;ﬁ(tan“xsnec2 )d
17. ;(e“) dx

19. *
#

21, ;(m csc? x) dx

"ol sin(3x) + xexz)dx
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14.

16.

18.

20.

22.

=+
—_———
)
>
—_
~l
X
+
=
N
o)
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23, #—2 dx 24, s COSX

- s__COSX gy
1+X $J11 sn?x
2.2 Multiple Choice Homework
"X
1 dx=
%xz! 4
1 1 1
a +C +C c ZlIn|x*! 4/+C
) 4(x2' 4)2 ) Zixz! 4i ) 2 ‘ ‘
1 I X$
d 2In|x?! 4/+C e —arctan +C
) 2inpt 4 ) adtenig
| e&
2. ; dx=
# 2dx
a) InVx +C b) Xx+C c) e +C
d) %e2&+c e) e +C

3. When using the substitution u=+/1+ X, an anti-derivative of
| 60xv/1+x dx is

a) 20u®! 60u+C b) 15u*! 30u*+C ¢) 30u*! 60u* +C

d) 24u° ! 40u® +C €) 12u° ! 20u* +C
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NG

4. dx
# /X3+3
a)  2x*+3+cC b) l;’\/x3+3+c c) Vx¥+3+c
d)  Inx¥+3+c e) In(x*+3)+c
5. mx(xe 1)4dx:
1 (. 5 1.2 5 I
Q) oX (x !1) +C b) E( !1) +C o g(x ! x) +C
1 5 5
d =(x*1 1) +C e =(x%! x| +C
) ey ) 2 )
6. 14x3V3+x3dx
3\¥2 3\32 3\32
2 16(3+x%) e b) 8(3+x%) e O 8(3+x%) ‘e
9 3
) 2w ) L
3(3+ x3) 3(3+ x3)
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7 ) 243 dx=
' z# 2 +1%
X4
a) 7+2x+tan’1x+C b) x*+2+tan''x+C
x* x*
) —+2x+——+C d —+2x+tan''2x*+C
4 X +3 4
e) 4+2x+tan''x+C
8. M"cos(3! 2x) dx=
a)  s€n(3! 2x)+C b)  !dn(3! 2x)+C
1. 1.
c) Esm(?,! 2x)+C d ! Esm(e:! 2x)+C
1.
e) !gsm(B! 2x)+C
n |
9. Xtz dx=
x!1
a) !ln|x!1+C b)  x+In|x! §+C
c) x! In|x! 1+C d) X++/x! 1+C
e) x! Jx!'1+C
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n X2 |
10. ﬁe ;(22)( dx =

e
a) x!e“ +C b  x!'eX+C ) x+e¥+C

d 1e+C e) le¥+C
11.  16sinxcos’x dx=
a) 29n*x+C b) 12sin®*x+C C) 2c0s’ x+C

d) 1 2cos’x+C e) 3sinxcos x+C
2. B k=

1+X
4 1 )

a) 4arctanx+C b) ;arctanx+C C) Eln(1+x )+C

d)  2In(1+x*)+C e)  2x°+4In|x|+C

I X
13. #4+X2dx
a) tan!lg+c b) In(4+x2)+c c) tan'lx+c
1 5 1, ,1X
d) EIn(4+x)+c e)  tan'is+c
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14. %(ZX! 482'”X)dx "(2¢1 462™)idix

4 4 2* 4
X | elinx 4 M1y a3 4 | T e2lnx 4
a) 2*In2! 3e2 C b)  x2¥1 3Cte c) 5! 3e2 C
4 2* 4
X1l T 2inx 4 < = 34+
d)  x2¥1 3e2 C e) 5l gXte
15. The anti-derivative of 2tanx
a) 2Injsecx +¢ b)  2sec?x+c c) Injsec®x+c
d) 2In|cosx +c e) In|2secX +c

16.  Which of the following statements are true?
L. %(XSSin X6) dx:$%cosx6 +C I Jtanxdx=sec’x+c

I11. %((x3+x)\/4 X* +2x? | 5) dx:%(x4+2x2! 5)%+c

a) I only b) Tonly ¢) lTonly d) Tand M only ) Il andIIl only

ab) Iand III only ac) L II, and III ad) None of these
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I @

b 1 = %
a) 2e’X +¢ b) > +C c) eX+¢c
d  2Jxle” e
xle™ +c e +C
) 2Jx
s
18. If x'(t)=2tcost?, find ! (') when x4 |>&=3
N2,
a)! x(t)=1 at?sint?
b)! x(t) =1 4t?sint? + 2cost?
c)! x(t)=sint?+3
d)! x(t)=1 sint?+4
e)! x(t)=sint?+2
19. A particle moves alongthey -axissothatatanytime t! Q,it

velocity is given

/ ~
5 is y=3, the particleOs position at time

v(t)=sin(2t). If the position of the particle at time

t=01Is
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2.2 Homework Set B

5

1. !(2x+5)(x2+5x+6)6 dx 2. !BtZ(t3+1) dt

I ! 2
3.0 20 gy R S

Y +3m+1 i (1+ x3)

5 1 5Bt

5. 1(4s+1)ds 6. #z gt
7. n‘:’g”dem 8. 1(18x+1) dx

" V2 . 2
9. ﬁwdv 10. "(x5! sm(3x)+xex )dx
11. %1?;;:)( 12. ! XZSGCZ(X3)+ 2xe* dx

2 - exife)

13, psec?(2x)dx 14, g ——tax
1. ;Sec('nx)tan(mx)dx 16. g+ L1 e +sec?x dx

t 3x ) % X &
17, | € cscet cote* dx 18. "(ex! 2)(eX! 1)dx
19. | (secz ytan® y)dy. Verify that your integration is correct by taking the

derivative of your answer.
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(" in! !
20. ;gcos/es‘ +_,z+

the derivative of your answer.

% . . . .
7 ar . Verify that your integration is correct by taking
&

21.  Htsec? (4t2), /tan(4t2) dt. Verify that your integration is correct by taking

the derivative of your answer.

22. !xzsinxe'dx

24 |(er+1) dy

26.  |sin(3t)cos’(3)dt

28.  "tan/ In(sec! )d!
| sn(x+4)

30. # dx 31.
#cos7ix+4i

32.  |e*sec’edt

;!# 2ycos(y2) ]

34, #—(_M ¥

146

23. 1ttt

25, Ixsec? x2/tanx2 dx

27. | xcosx2e™ dx

29. "(e"'y +2y? | 7cos3y) dy
) # 2X

2. . &
;*%s(z—+5! sec2(3x)+xex L Cdx

33.

1 18Inm
#

dm
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*$3&#1).1%(B12.581$31%-).6%)$2%++B1?.3$)$7&F13.1) 1&1*:3.+-)&I7*+-&31*
(&2&33*B8
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dm
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%n: tdit! A&?**)&1*++1)18)&'631).1) 181+&%6)135#&!.%!) 1818, 4)$.
*(#I++1.061) TBR'631).)1&!'$:1)I135#&!.%!) 1&1&,-*)$.(8
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1 dm _ T | XY O |- I

B U=gdt! 1 <0&™)&1)1I3$#&B8

!

In|r‘d = %tz +Cl! P.-L.(+BI(&&#12!.(1.(&!13$#&!. %) 1&!&,-*)$. (I*(#!5&!?-)!

$)!.(1)1&!13$#&12.()*$($(;)) 18!
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Lizic

dimM=g2 1 $:.)113$#&31.%1)1&1&,-*)$.(1).13.+7&188."!
m= e%tzec! !
1o
m=Ke2'" | C1$313)$++1*12.(3)*()F!13.15&!I5$++1U-3)!(.)883)1*3!

!
!
!
IMIY O$(#!)1&!2%)$2-+*13.+-)$. (W = 2xy " 3yF!;$7&(Y(3) =
!

d
dy (2x! 3)y
dyy (2x! 3)dx !

Iny|=x?! 3x+C
y:ex2!3x+C :ex2|3X c _ Kexz|3x
y(3)=21 2=Ke’!
; IEIR
y = 26! ¥
|
!
IMIZ A +78&)1&#$%%E& &()$*+,&_d,_)j$ X2 +2x+5,
2y +¢Y
|
dy_ 9% +2x+5
dx 2y +¢Y
(2y+ey)dy:(9x2+2x+5)dx !
y2+e =33 +x2+5x+C
y2+eVl 3x31 x21 5x=C
! !

91$3!$31)1&!;&(&™*+!3.+-)4.(8!!
! !
! !



21 g
IMI 0$(#!)1&!?*')$2-+*'!3.+-)$.(!% = w 1$7&(1)1%)k (0) = 38
!
dr _3t*! sint
dt 4r
4rdr = (StZ! sint)dt
2r2=t3+cost+C
2"3=0*+cos0+C# C=17!
2r> =t3+cost +17

1 17

+= +

= _\/ 2 2 cost 2
1 17
= |—+ + =
r=y3 2cost 5

! !
J1BI#I5&! . (+B1(&&#1)1&17.35)$ 78!
|

J14)15 +#I1¥7&IT*22&(&HISY6IB -1 1413 +7 &H10B&Y. &2+ $(1$(1) L&IS(S)$*+!
2.(#$)$.(\1
!

r2= t_ :_L +
5 2 ost+C
=% \/t—+ cost+C
3 |
0% 17
—+ = +C! =
\/3 cos0+C! C= 5

r—\/—+ cost+—

|
|
|
C*$(FIB.-12*(121&241B.-'13.+-)$.(1:B))*4$(;)) L&4#&'$7*)$7&).%!B.-13.+-)$.(8
|
|
|



y+1
x2+9

d
IMLL W&) = f(x)!:&!*!#$%%&'&()$*:+&!%-(2)$.(!3-2%g1%! *(#13-77.3&!
X

)1&!?2.$000, —3)1$31.(1)1&!;*?11.%} = f(x)8M!
!

d2
1 V3&!$6?+$2$)!#$%%&'&()$*)$.(!?17%6&(#!
I

1 &)&'6S(&!1$%!)1812.%() — 3)1$3!%)1*16*M$6-6FI*16$($6-6F!.'1(&$)1&'S
!

d
2 OS(H)18I24)$2-+¥13.+-)8.(1)-E- = 41(0, —3)18
dx x*+9

y+1

d2
) V3&!$6?+$2$)!#$%%&'&()$*)$.(!?;%6&(#!
X

Py a1 (PHOT-0+D0E)
[ ] (x2+9)2

dx? - dx | x2+9

y+l
@00y e pent-29
(2+9)? I ) N ()

1 "&)&'65(&!$%1)1&17.$0) — 3)!$3!*)1*16*M$6-6F1*16$($6-6F!."1(&$)1&'8
|
dy (-3)+1 2
C)H1&!1?.$()0, —3)F— = = — — #(F)1&'&%.'&F!(&$)1&'8!!
dx 0%2+9 9
1 !




y+1

2/! 0$(#!)1&!?*')$2-+*'!3.+-)$.(!)g!y— = )1(0, —3)!8
X

x2+9

dy y+1
dx x2+9.

1 |

y+1 Y x2+9

1 |
fy+1dy=fx2+9dx!

1 X
ln|y+1|=?tan 3 te

1 X
—tan — +c¢

y+if=e® 7
L
—tan

y+1=ke3
!

1 X
3

1 0

—tan_l—
(0, =3)> =3+ 1=ke? 35 2=kl
|
1
—tan —

y+1=-2¢73
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OB(#)1&1:&(8+13.+-)$.(185211.9%1)1&1%.++ . 53(; HS%606& & () $*+&, -)$.(38
!

dy_vy dy _ ..
N8! —ZL=27I ! ! ! ! R —Z = !
8 dx x 8 dx Xy
!
dy _ dy _(,. 0\ 1
| 2 =) = | | | =7 = |
var (xe+1) Y =xy R (3y )1+X2.
!
\g! %’:XZ—M! ! ! 3 g/:seczt!
dx y? - dt  ye?v’
!
dy_ &, | | dy _  x*+1 |
a.8 d_X_4y3- . . b8 &_W.
!
!
dy _ dy _
e} -2 = 311 ! ! NdB =X =2 I
C dx 4xy dx y“ COSX
!
NN WVeooyoyatewn 1 1 NR8 Yot
dt dt y. y2+1
!
dl _1+4r,
NY8 a N

|
O$(#)1&!3.+-)$.(1.%!) 1&#$%%E& &()$*+1&, - BEBRA$&3!) 1&!; $7 & (IB($)$*+
2.(#$)%.(8

!

dy _ 2. v(0) = dy_ 2X.\10)=
NZB — =xy% y(0)=5! Lot N8 Pty (0)=1!
|
dy _ 2% d
N_B E3£=3—3’;2;!y(ﬁ)=0!! L NaB =(+)(2! ) y(Y)=3
I
d (1) = dy_ y*+1. o) =
NbB d_;’:( 2+1)ly@®=0 ! | Nc8 d_;/_yxy y(0)=11



du _ 2t +sec?t
R _— =
dB dt 2u

Tl = dy_ vl =
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dy _snx

I | | *_K17D' -
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