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The BC Calculus Learning and Forgetting Problem 11

l. There are 72 topics covered in our AP Calculus BC class, 23 of which were
learned in PreCalculus H. Based on research, the rate at which a good student
learns new material is based on the equation

¢t in months 3 4 7 9 12

L{r) intopics | 15| 319 | 1368 | 1020 | 154
per month

Based on the Ebbinghaus effect, the rate at which a student forgets the topics
follows the equation

F(1) =16.073¢0-2261

In both cases, L(z) and F(¢) are both measured in topics per month, and ¢ is
measured in months since last year’s AP Exam. Student A in last year’s BC class
knew 68 topics at the end of the school year for the AP Exam (¢ =0). Student B in
last year’s Precalculus H class knew 22 of the topics at the end of the school year (
t =0) and still knows 14 topics at the beginning of the new school year (¢ = 3).

(a) How many topics did Student A still remember 3 months after the AP
Exam? Round to the nearest whole number.

(b)  Use a trapezoidal sum to approximate the number of topics Student B learns
by the Fall Final Exam (t =7).




(c) Approximate L'(4.5) for Student B. Using the correct units, explain these
results in the context of the problem.

(d)  Assume L(7) can be accurately modeled by the equation

1992.3¢0-783(1=3)
M ( t) = . Find the time at which the minimum number of

(35 +¢0783(:=3))2

topics know (counting topics known by both students as two topics) on 3<7 <12,
Justify your answer.




2. A rollercoaster at a certain amusement park is modeled by the polar equation
r =16sin0 — cscO,

where the loop begins and ends at r =0.

(a)  Find the arc length of the loop.

(b)  Find the area of the shape enclosed by the loop.




(c)  Find the slope of the function as the rollercoaster enters the loop.

d) Find the angle O to the nose of the rollercoaster as it reaches the height of 10
feet on its way down from the top of the loop.




y=f (%)

3. The graph above, f (x) on —6<x <6, is comprised of two line segments and
X
a semi-circle. Let §(X) =2+ f f(2) dr.
3

(a) Find g(=3), g’(=3), and g"'(—3).

(b) At what x-value(s) on —6 < x <6 does g(x) have a relative minimum.
Explain your reasoning.




. glx)-2
(¢) Find lim . Justify your answer.
3 X2+2x—15

(d)  On what interval(s) is g(x) both increasing and concave up? Explain why.
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The Implanted Molar Problem

4. While sitting in the dentist’s chair looking at the x-rays of his newly
implanted molar, Dr Quattrin could not help but wonder what a mathematical
model for the tooth might be. After much consideration, he decided the outline

r© and the line h =8

1
was modeled by the region 7, which was bounded by 4 = =

. The units are millimeters.

(a)  Find the area of region 7. Show the work that leads to your answer.




(b)  Set up, but do not solve, an integral expression for the volume of this tooth
if it has cross-sections perpendicular to the 4-axis which are squares (roughly) that
are half above the -/ plane and half below.

(c) Dr Q further imagined that the decay over the past 40 years had caused the
volume to reduce by 0.16 mm? /year . How fast would the height be changing

when h =47




X 0 2 4 8
f(x) 2 8 0 4
f'(x) 1 0 3 2
g(x) 8 4 2 0
g '(x) 1 2 0 3

fxf(t)df 0 3 9 12
0

X
f g()dr| ¢ 15 5 2
0

5. The functions f'and g are twice differentiable. The table shown above gives
values of the functions and their derivatives at selected values of x.

(a) Let & be a differentiable function defined by h(x) = f ( g(x)). Find the
equation of the tangent line to 4(x) at x=S8.




(b)  Let k be a differentiable function such that k'(x) = g(2x) - f(x). Is the graph
of k concave up or concave down at the point where x =4 ? Give a reason for your
answer.

X
(c)  Let m be the function defined by m(x) =3x>+ f t-g '(t)dr. Find m(2).
0
Justify your answer.




6.  Consider the Taylor Series for f(x) about x =3 is given by
- ()2

Y ——(x-3)"

n=1 n

Also, f(3)=3

(a)  Find the radius and interval of convergence for this series. Show the work
that leads to your answer.




(b)  Find the 3™ degree Taylor polynomial for fabout x=3 and use it to
approximate the value of f(3.1).

(c)  Show that the approximation found in (b) must be within ﬁ of the actual

value of f(3.1).
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