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31
2 22 2

4 2 1 21 1
2 4 4

4 6
42 1

3

1 4

x x x xxy
x x

x xy
xx

xy
x x

- é ù- - -æ ö- ê ú¢ = - ç ÷ ê ú-è ø -ë û

- - -¢ =
--

¢ =
- -

!

!

3 0x =
0x =

( ) ( )
31

2 22 21 4 0x x- - =
1, 2x = ± ± 2±
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! +,-%.*!! !

! %Z()3*! !

! AB*! !
! OPQ*!<%),!
! QI*!_ B!'3! !RE%34!;,=3!')5!-(743S!

QX3-,&,!O%()3.*! @! !

!
!

""#! !%)! !

! !

! !

! !

                           0                    +     

        2          1            0                1             2     

DNE DNE DNE DNEy
x

- - +¢
¬¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾®

- -

  x∈ −∞, − 2( )∪  
−1, 1⎡⎣ ⎤⎦ ∪ 2, ∞( )

  
y∈ −∞, −1( )∪ − 1

2 , 0⎡

⎣
⎢

⎤

⎦
⎥

 
1, 0( ), −1, 0( )

 
0, − 1

2
⎛
⎝⎜

⎞
⎠⎟

  x = −2, x = 2

1y = -

 
0, − 1

2
⎛
⎝⎜

⎞
⎠⎟  

1, 0( ), −1, 0( )

-5 -4 -3 -2 -1 1 2 3 4

-4

-3

-2

-1

1

2

x

y

4 23 10y x x= - - - [ ]5,  3xÎ -

( )( )
( )

4 2

2 2

3 10 0

5 2 0

5  2.236

x x

x x

x x

- - ³

- + ³

= ± = ±
2                          0                0     +                    

5          2.236           2.236           3 

 END ENDy
x

+ -
¬¾¾¾¾¾¾¾¾¾¾¾¾¾¾¾®
- -

( )
1

4 2 23 10y x x= - - -
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! (S!! !

! ! !R)%),!%=!34,.,!'-,!()!34,!5%&'()!%=!34,!=6)23(%)S!

! ((S!! !

! ! !
! (((S!!T,.3-(23(%).*!
! ! !

! ! !

! !

! $%&'()*!
!

! T')7,*! !

! +,-%.*! !

! %Z()3*!<%),! ! AB*!<%),! ! OPQ*!<%),!
! QI*!<%),!RE,2'6.,!),(34,-! !)%-! !(.!()!34,!5%&'()S!

! QX3-,&,!O%()3.*! @
! !

!
!

"/#!
!
%)! !

$%&'()*! `(K,)!'.!
! !

+,-%.*!! !! %Z()3*! ! !

AB*! !!!!!!!!<%),!! OPQ*!!!!!<%),! ! !

   

′y = − 1
2

x4 − 3x2 −10( )− 1
2 i 4x3 − 6x( ) = −2x3 + 3x

x4 − 3x2 −10( ) 1
2
=

−x 2x2 + 3( )
x4 − 3x2 −10( ) 1

2

( )22 3 0x x- + =

30,  
2

x = ±

( )
1

4 2 23 10 0x x- - =

5x = ±

5, 3x = -

  y −5( ) = −23.238   y 3( ) = −6.633

  

′y
x −5           − 5            5                3     

← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
END     +      DNE           DNE     −      END    

  
x∈ −5, − 5⎡

⎣⎢
⎤
⎦⎥∪  

5, 3⎡
⎣⎢

⎤
⎦⎥

y∈ −23.238, 0⎡⎣ ⎤⎦

 
± 5, 0( )

!" !

± 5,  0( ) −5,  − 23.238( ),  3,  − 6.633( )

  
F x( ) = 3x

x2 +9   
x∈ 0, 4⎡⎣ ⎤⎦

  
x∈ 0, 4⎡⎣ ⎤⎦  

0, 0( )  
0, 0( )

  x2 +9 ≠ 0
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!
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F ′ x( ) = 1
2

3x
x2 +9

⎛
⎝⎜

⎞
⎠⎟

−1
2 x2 +9( ) 3( )−3x 2x( )

x2 +9( )2
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= 1

2
x2 +9( )1

2

3x( )1
2

−3x2 + 27
x2 +9( )2

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

  

= −3x2 + 27

2 3x( )1
2 x2 +9( )

3
2

  
i) dy

dx
= 0→−3x2 + 27 = 0→ x = −3, 3

  
ii) dy

dx
= dne→ 2 3x( )1

2 x2 +9( )
3

2

= 0→ x = 0

  iii) x = 0, 4

 
0, 0( ), 3, 1

2
⎛

⎝⎜
⎞

⎠⎟
, 4, 2 3

5
⎛

⎝
⎜

⎞

⎠
⎟

  
y∈ 0, 1

2
⎡

⎣
⎢

⎤

⎦
⎥

1.5

1

0.5

5

y = 2x3 + x2 − 32x−16
2x2 − 5x− 3 = x2 2x+1( )−16 2x+1( )

2x+1( ) x− 3( ) ≈ x2 −16
x− 3

  

y2

x −4           − 1
2             3                4     

← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
END     +      POE      +     VA     −      END    
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!

!
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!
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x∈ −4, −1

2
⎡
⎣ )∪ −1

2, 3( )

 
−4, 0( )

 
0, 4

3
⎛
⎝⎜

⎞
⎠⎟

  x = 3
 
− 1

2 , 1.5⎛
⎝⎜

⎞
⎠⎟

d
dx

x2 −16
x− 3 = 12

x2 −16
x− 3

⎛

⎝⎜
⎞

⎠⎟

−12 x− 3( ) 2x( )− x2 −16( ) 1( )
x− 3( )2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
= 12

x− 3( )12

x2 −16( )12
x2 − 6x+16( )
x− 3( )2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

  
i) dy

dx
= 0→ x2 −6x+16 = 0→ x =

6 ± 62 − 4 1( ) 16( )
2 1( ) = no solution

  
ii) dy

dx
= dne→ 2 x2 −16( ) 1

2
1

2 x−3( )
3

2
= 0→ x = ±4, 3

  iii) x = ±4

 
−4, 0( )

  
y∈ 0, 2.121⎡⎣ )∪ 2.121, ∞( )

8

6

4

2

–5 5
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!

01! 2!345! !06!,-5!0,!57.!8-9:0,!

((S! !
(((S! <%!,)5:%()3.!7(K,)!

!

T')7,*! !

!

! !

y = −x2 + 5x− 6

−x2 + 5x− 6 ≥ 0→− x2 − 5x+ 6( )≥ 0→− x − 2( ) x− 3( )≥ 0

  

y2

x     2              3       ← →⎯⎯⎯⎯⎯⎯⎯⎯⎯
     +      0      +     0     −          

  
x∈ 2, 3⎡⎣ ⎤⎦  

2, 0( ), 3, 0( )

  

dy
dx

= 1
2 −x2 +5x−6( )−1

2 −2x+5⎡⎣ ⎤⎦ =
−2x+5( )

2 −x2 +5x−6( )1
2

  

dy
dx

= 0→−2x+5= 0→ x = 5
2  2.482

  

dy
dx

= dne→−x2 +5x−6 = 0→ x = 2, 3

 

5
2 , 1

2
⎛
⎝⎜

⎞
⎠⎟
, 2, 0( ), 3, 0( )

  
y∈ 0, .5⎡⎣ ⎤⎦

1 2 3 4

1

0.5

–0.5
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((S! !
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!
!

T')7,*!
!

!

y = 4x4 − 37x2 + 9
  
x∈ −2, 2⎡⎣ ⎤⎦

4x4 − 37x2 + 9 ≥ 0→ 2x2 −1( ) x2 − 9( )≥ 0

  

y2

x −3        − 1
2           1

2           3     
← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
+      0      −     0     +      0    − 0 +

 
−4, −3⎡⎣ ⎤⎦∪ − 1

2 , − 1
2

⎡

⎣⎢
⎤

⎦⎥
∪ 3, 4⎡⎣ ⎤⎦

 
± 1

2 , 0⎛
⎝⎜

⎞
⎠⎟

, ±3, 0( )
 
0, 3( )

  

dy
dx

= 1
2 4x4 −37x2 +9( )−1

2 16x3 −74x⎡
⎣

⎤
⎦ =

8x3 −37x

4x4 −37x2 +9( )1
2

  

dy
dx

= 0→8x3 −37x = 0→ x = 0, ± 2.151  ±2.151

  

dy
dx

= dne→ 4x4 − 37x2 + 9 = 0→ x = ± 1
2 , ±3

 
± 1

2 , 0⎛
⎝⎜

⎞
⎠⎟

, ±3, 0( ), ±4, 21( ), 0, 3( )

  
y∈ 0, 21⎡⎣ ⎤⎦

–5 5

20

10
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! R((S!! !
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! R(((S!!T,.3-(23(%).!
! ! !

! ! !

! !

! !

! J4,!;'-7,.3!%=!34,.,!(.! !
! RYS!(.!34,!2%--,23!-,.:%).,!
!

/#! !

!

!!!!!!!!!!!! !
<%!,)5!E,4'K(%-!%)!34,!-(743!E,2'6.,!%=!34,!5%&'()#!!!
J4,!-'5(2';!(.!:%.(3(K,@!.%!34,!;,=3!,)5!E,4'K(%-!(.!6:#!
!
! RYS!(.!34,!2%--,23!-,.:%).,!
!
0#! $S! W!')5!WWW!%);8!

281y x= -

( ) ( )

( )

1
2 2

1
2 2

1 81 2
2

81

y x x

xy
x

-
¢ = - -

-¢ =
-

!

0x- =
0x =

( )
1

2 281 0x- =
 9x = ±

 3x = ±

9
0

y
x

=
=

8.485
3

y
x

=
=

8.485
3

y
x

=
= -

9y =

  y = 12x − 4x2 − x3

  12x − 4x2 − x3 = −x x + 6( ) x − 2( ) y2

x      − 6      0        2          
← →⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 0     +      0          0    +
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!
( (

  y
2

  
dy
dx

< 0
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,&3%0-1() 4G:((H?$.030%(I0AA&'&1%0#%0-1(
!
6'&&(7&8$-18&(,-./%0-18(
!
"#! !

! !

!
/#! !

! !

!

0#! !

2 22 2 10 2 5 0x y x y+ - + - =

( )

4 4 10 2 0

4 2 4 10

4 2 4 10

4 10
4 2
2 5
2 1

dy dyx y
dx dx

dy dyy x
dx dx

dy y x
dx
dy x
dx y
dy x
dx y

æ ö æ ö+ - + =ç ÷ ç ÷
è ø è ø

æ ö æ ö+ = - +ç ÷ ç ÷
è ø è ø

+ = - +

- +
=

+
- +

=
+

2 29 4 36 8 4 0x y x y+ + - + =

( )

( )
( )
( )
( )

18 8 36 8 0

18 36 8 8

18 2
8 1

9 2
4 1

dy dyx y
dx dx
dyx y
dx

x dy
y dx

x dy
y dx

æ ö æ ö+ + - =ç ÷ ç ÷
è ø è ø

+ = -

+
=

-

+
=

-

2 1
1

xy
x
-

=
+
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!

?#!
!

!
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!

C#!
!

!

!
! !

( )( ) ( )( )
( )

( )

( )

2

2

2

1 1 1 1
2

1

22
1

1
1

x xdyy
dx x

dyy
dx x

dy
dx y x

+ - -æ ö =ç ÷
è ø +

æ ö =ç ÷
è ø +

=
+

  

d
dx

x2 + y2 = x
y

⎡

⎣
⎢

⎤

⎦
⎥⇒ 2x+ 2y dy

dx
=

y 1( )− x dy
dx

⎛
⎝⎜

⎞
⎠⎟

y2 ⇒ 2xy2 + 2y3 dy
dx

= y− x dy
dx

  

2y3 dy
dx

+ x dy
dx

= y− 2xy2

dy
dx

= y− 2xy2

2y3 + x

  

d
dx

y2 = x2 −1
x+ 2

⎡

⎣
⎢

⎤

⎦
⎥⇒ 2y dy

dx
=

x+ 2( ) 2x( )− x2 −1( ) 1( )
x+ 2( )2

= x2 + 4x +1
x+ 2( )2

  

dy
dx

= x2 + 4x +1

2y x+ 2( )2
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2 2 6 14 58 0x y x y+ + - + =

( )

2 2 6 14 0

2 6 14 2

2 6
14 2

3
7

dy dyx y
dx dx
dyx y
dx

x dy
y dx

x dy
y dx

æ ö æ ö+ + - =ç ÷ ç ÷
è ø è ø

+ = -

+
=

-
+

=
-

( )0,  8

( )

3

8 3 0

dy
dx
y x

= -

- = - -

2 225 6 100 9 0x y x y+ + - + =

( )

2 50 6 100 0

2 6 100 50

2 6
100 50

3
50 25

dy dyx y
dx dx
dyx y
dx

x dy
y dx

x dy
y dx

æ ö æ ö+ + - =ç ÷ ç ÷
è ø è ø

+ = -

+
=

-
+

=
-

( )3,  3.6

( )

6 3
40 20

33.6 3
20

dy
dx

y x

= = -
-

- = - -
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!
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!
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!
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!
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! !

2 29 4 36 8 4 0x y x y+ + - + =

( )
( )
9 2
4 1
xdy

dx y
+

=
-

( )0,  2-
( )
( )

( )

9 2 3
4 3 2
32 0
2

dy
dx

y x

= =

+ = -

2 3 7y x- =

2 3 0

3
2

dyy
dx

dy
dx y

æ ö - =ç ÷
è ø

=

2 2 0dyx y
dx

æ ö+ =ç ÷
è ø

( )

5 5
12 12
512 5
12

12 144 5 25
5 12 169

dy x
dx y
dy
dx

y x

y x
x y

-
=

-
= =
-

+ = -

+ = -
- =
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  x
3 − y2 + x2 −1= 0

  

d
dx

x3 − y2 + x2 −1= 0⎡⎣ ⎤⎦

3x2 − 2y dy
dx

+ 2x = 0

dy
dx

= 3x2 + 2x
2y

  

dy
dx

= 0   3x2 + 2x = 0→ x 3x + 2( ) = 0



! "%%!

r

x

y

,&3%0-1() 4J:((7&.#%&+(7#%&8(
!
6'&&(7&8$-18&(,-./%0-18(
!

#:/! ! ! ! ! 31! !

<1! 2 2!! 2! 2!!

/!

! ! ! =0,8! !

!

81! !

!

.1! !

!

+:/! ! ! ! 31! !

!

!!!!!!<1! 2! > !0,1!

! ! =0,8! !

81! !

x,y, r, dx
dt
,
dy

dt
, and

dr

dt

x = 1 y = 1.4
dx

dt
= 5

dy
dt

= 12

12 + 1.42 = r2 → r = 1.720

dr
dt

x2 + y2 = r2

d

dt
x2 + y2 = r2⎡⎣ ⎤⎦→ 2x

dx

dt
+ 2y dy

dt
= 2r

dr

dt
→ x

dx

dt
+ y dy

dt
= r

dr

dt

1( ) 5( )+ 1.4( ) 12( ) = 1.720( ) dr
dt

→
dr
dt

=
21.8
1.720

= 12.674mph

A, r, dA
dt
, and

dr
dt

dr
dt

=
1
2

 in
min

d = 1 in r =
1
2

dA
dt

A = πr2

r
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.1!

!

!

%:/! ! ! ! 31! !

!

!!<1! 2! !!

! ! !

!

! ! =0,8! !

!

!!81! !

! ! !!

!

!

.1! !

!

!

!

!

A = π r 2 → dA
dt

= 2π r
dr
dt

⎛
⎝⎜

⎞
⎠⎟
→

dA
dt

= 2π
1
2

⎛
⎝⎜

⎞
⎠⎟

1
2

⎛
⎝⎜

⎞
⎠⎟
=
π
2

 in2

min

Volume, diameter, height , radius,
dV

dt
, and

dh

dt

dV
dt

= 30π  ft
3

min
h = 5

h = 5→ r = 2.5

dh
dt

1
2
h = r; V = π

3
r 2h = π

12
h3;

V = π
3
r 2h = π

12
h3

d
dt

V =
π

12
h3

⎡
⎣⎢

⎤
⎦⎥
→
dV
dt

=
π

4
h2
dh
dt

dV
dt

= 30 = π
4
102 dh

dt
→
dh
dt

= 6
5π
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!!!<1! !

! ! !

! ! =0,8! !:,8! !

!

!!81! 2! !

!

.1!

! !

!

!9 3?90,!

!

@1! !

! !

h, d , r,V , dh
dt
, dr
dt
, dV
dt

dV
dt

= −5000 cm3

min
; h = 8; d = 4

d = 4→ r = 2

dh
dt

dr
dt

V =
π
3
r 2h d = 2r

r
h
=
2
8
=
1
4
→ r =

1
4
h→V =

π
3
1
4
h

⎛
⎝⎜

⎞
⎠⎟
2

h =
π
48
h3

d
dt
V ==

π
48
h3

⎡
⎣⎢

⎤
⎦⎥
→
dV
dt

=
π
16
h2
dh
dt

−5000 =
π
16

82( ) dh
dt

dh
dt

= −
1250
π

r
h
=
1
4
→ 4r = h→V =

π
3
r 2 4r( ) = 4π

3
r 3

d
dt
V ==

4π
3
r 3

⎡
⎣⎢

⎤
⎦⎥
→
dV
dt

= 4π r 2 dr
dt
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! 5000 = 4! 22( ) dr

dt

dr
dt

= !
625
2!

dV

dt
= 6 ft

3

min
r = 10 ft

dr

dt
= ?

V =
4

3
! r 3 !

dV
dt

= 4! r 2 dr
dt

"
#$

%
&'

6 = 4! 10( )2 dr
dt

"
#$

%
&'

6

400π
=
dr
dt

3

200π
 ft

min
=
dr
dt

dx
dt

= 5; y = 7; x2 +72 = 252 ! x = 24

d

dt
x2 + y2 = 25( )

2x
dx

dt

!
"#

$
%&

+ 2y
dy

dt

!
"#

$
%&

= 0

2 24( ) 5( ) + 2 7( ) dy

dt

!
"#

$
%&

= 0

dy

dt
= '

120

7
ft / sec

x2 + y2 = z2 dy
dt

= 60mi
h

dx
dt

= 25mi
h
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Car

Car

z
y

x

! 2x
dx
dt

+ 2y
dy
dt

= 2z
dz
dt

! 2"50"25+ 2"120"60 = 2"130"
dz
dt

dz
dt

= 65mi
h

Dist a = 220! 10 10( ) =120 ft

Dist b =10 5( ) = 50 ft

Dist c = 502 +1202 =130 ft

d
dt

a2 +b2 = c2!" #$% 2a
da
dt

+ 2b
db
dt

= 2c
dc
dt

2 120( ) ! 10( )+ 2 50( ) 5( ) = 2 130( ) dc
dt

"
dc
dt

= ! 7.308 ft
sec

tan! =
b
a

"
d
dt

tan! =
b
a

#

$
%

&

'
( " sec2 !

d!
dt

=
a

db
dt

) b
da
dt

a2
"

c2

a2

d!
dt

=
a

db
dt

) b
da
dt

a2

130( )2

120( )2

d!
dt

=
120( ) 5( ) " 50( ) " 10( )

120( )2

d!
dt

= 0.065 rad
sec
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t =15 ! x = 20 15( ) = 300 ft

r 15( ) = 202 + 3002 = 300.666 ft

r 2 = 202 + x2 ! 2r
dr
dt

= 2x
dx
dt

! 2 202 +1502 dr
dt

= 2 150( ) 20( )

dr
dt

=19.825 ft
sec

tan! =
20
x

" ! = tan#1 20
140

= 0.142

sec2 !
d!
dt

= " 20x" 2 dx
dt

#
d!
dt

= " 20
20

140
$
%&

'
()

2

15( )cos2 0.142 = " 0.015rad
sec

A =
1
2

730( ) 730( )sin0.79 =189,273.629 sq.ft.

c2 = 3702 + 3702 ! 2 370( ) 370( )cos 0.79" c = 284.758 ft

c2 = a2 + a2 ! 2 a( ) a( )cos 0.79" c2 = 0.593a2

d
dt

c2 = a2 + a2 ! 2 a( ) a( )cos0.79"# $%=
d
dt

c2 = 0.593a2"# $%

2c
dc
dt

=1.186a
da
dt

&
dc
dt

=
1.186 370( )
2 284.758( ) ! 15.2( ) = ! 5.856ft

hr
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d
dt

A=
1
2

sin0.79( )a2!

"
#

$

%
&'

dA
dt

= sin0.79( )a
da
dt

= 0.710 370( ) ( 15.2( ) = ( 3995.027 sq.ft.

dC
dt

= 2!
dr
dt

= 6! !
dr
dt

= 3

a =
1
2

r

P = 3 3a =
3 3

2
r

A = ! r 2 !
3 3

2
r "

d
dt

A = ! r 2 !
3 3

2
r

#

$
%

&

'
( "

dA
dr

= 2! r
dr
dt

!
3 3

2
dr
dt

! r 2 = 64! ! r = 8

dA
dr

= 2! 8( ) 3( ) !
3 3

2
3( ) =143.002in2

sec

V = s3 !
dV
dt

= 3s2 ds
dt

; A= 6s2 = 54! s= 3

dV
dt

= 3 3( )2
6( ) =162

x = 5 70( ) = 350miles y = 5 28( ) =140miles

x2 + y2 = r 2 ! r = 3502 +1402 = 376.962

x2 + y2 = r 2 ! 2x
dx

dt
+ 2y

dy

dt
= 2r

dr

dt
! x

dx

dt
+ y

dy

dt
= r

dr

dt
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350( )70+ 140( )28 = 376.962
dr

dt
!

dr

dt
= 75.39

V =
! h2

3
18! h( ) = 6! h2 !

!

3
h3 "

dV

dt
= 12! h

dh

dt
! ! h2 dh

dt

30! = 12! 2( ) ! ! 2( )2"
#

$
%

dh

dt
&

dh

dt
=

3

2

dx

dt
= x;

d

dt

1

x

!
"#

$
%&

=
' 1

x2

dx

dt
=

' 1

x2
x( ) = '

1

x
( At x = '

1

4
,

d

dt

1

x

!
"#

$
%&

= 4


